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Dedicated to the memory of Israel Moiseevich Gelfand 

Abstract. This article aims to contribute to the study of algebras 
with triangular decomposition over a Hopf algebra, as well as the BGG 
Category O. We study functorial properties of O across various setups. 
The first setup is over a skew group ring, involving a finite group F acting 
on a regular triangular algebra A. We develop Clifford theory for x F, 
and obtain results on block decomposition, complete reducibility, and 
enough projectives. O is shown to be a highest weight category when 
A satisfies one of the "Conditions (S)"; the BGG Reciprocity formula 
is slightly different because the duality functor need not preserve each 
simple module. 

Next, we turn to tensor products of such skew group rings; such 
a product is also a skew group ring. We are thus able to relate four 
different types of Categories O; more precisely, we list several conditions, 
each of which is equivalent in any one setup, to any other setup - and 
which yield information about O. 



1. Introduction 

The results of this article relate the representation theories of various 
algebras; thus, they are "functorial" in a sense. However, one can apply 
them to certain well-understood algebras, to get results in other setups. For 
example, we show the following result in Proposition 13.11 and after Remark 
14. 2| for details and more results in this setting, also look after Remark 14.21 

Proposition 1.1. Given a complex semisimple Lie algebra q, denote by 
Pg its set of dominant integral weights, and Rq the wreath product algebra 
SnliiQ (see |Macl §6]J. Then the category of finite- dimensional Rg-modules 
contains at least "P^ -many" simple objects, and is semisimple. 

Hereafter, Snl A:= A®"^ xi Sn for any ring A, with Sn acting by permuting 
the components in the tensor product; the definition is similar when A is a 
group. 

This article studies the representation theory of special families of alge- 
bras with triangular decomposition over a commutative Hopf algebra (these 

Date: October 19, 2009. 

2000 Mathematics Subject Classification. Primary: 16D90; Secondary: 16S35, 17B10. 
Key words and phrases. BGG Category O, (Hopf) RTA, skew group ring, block 
decomposition. 

1 



2 



APOORVA KHARE 



algebras have been studied in general by Bazlov and Berenstein). In general, 
such algebras are not Hopf algebras; thus one studies them, for example, by 
defining and analyzing (analogues of) Verma modules - or, in other words, 
some version of the Bernstein-Gelfand-Gelfand Category O. We do so below, 
for a special subclass of such algebras. 

In [Kh2j ■ we defined a general framework of a regular triangular algebra A 
(also denoted by RTA; we recall the definition below), wherein the BGG Cat- 
egory O can be studied, and results obtained about a block decomposition 
into highest weight categories. Examples of such algebras are (quantized) 
universal enveloping algebras of (semisimple, or) symmetrizable Kac-Moody 
Lie algebras, Heisenberg and Virasoro algebras, and (quantized) infinitesi- 
mal Hecke algebras (see pChTl iGKl lEGG] . and [KTl EES] respectively)^ 

The goal of this article is to extend many of the classical results of |BGGj 
to other setups (e.g., Proposition ll.il above), by applying the following two 
constructions: 

• the skew group ring ^ xi F (where F is a finite group acting on A), 

• the tensor product of RTAs Ai, . . . , A^ for some n. 

These constructions were motivated by the study of finite-dimensional rep- 
resentations of the wreath product symplectic reflection algebra in 



we term the first construction Clifford theory. Combining them produces 
results for the wreath product of an RTA, for instance. 

We now combine the two constructions as follows: suppose Ai x Fj are 
skew group rings for 1 < i < n. We can then form A = (8)f=ij4j, F = x^^^^Fj, 
and j4 XI F - and this gives us four different setups for the category O: 

all Ai = {Ai-.l <i < n}, all Ai yi Ti = {Ai >i Fi : 1 < i < n}, ^, ^ x F. 

(1.1) 

In a sense, these constructions "commute" when F = XjFj, namely: 

{Ai} {Ai X Ti} 

(1.2) 

A = ^iAi — ^ A X F 
(Every diagram in this article is functorial, rather than a commuting square 
of morphisms in some categories.) However, if we want to construct the 
wreath product SnlA, say, then the diagram above does not help: the steps 
to take are {Ai = A, \Ti\ = 1} — > A®" — > x 5„. But these steps are 
all found in diagram (jl.2p : moreover, all algebras here (as well as in ()1.2p ) 
are examples of skew group rings. 

Our goal, therefore, is twofold: (a) to relate the categories O in the above 
four setups, and (b) to show that OaxiF is a highest weight category in the 
sense of Cline, Parshall, and Scott |CPS| . when ^ x F (or A) satisfies what 
was called Condition (S) in [Khl] - but we now call Condition (S3)., as in 
[Kh2| . As we will see, this is related to this condition being satisfied in the 
other three setups. 
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Getting results using the second vertical arrow in diagram (ll.2p may pose 
problems - for instance, see diagram (jl6.ip below. However, the horizontal 
arrows can be "reversed", which allows us to proceed the "longer" way in 
this case. Also note that much of the analysis will be analogous to the theory 
developed in [BGGl IKhll IGKj : however, we will explain the new features - 
as well as the interconnections - in detail. 

If H is cocommutative as well, then skew group rings are algebras with 
triangular decomposition over the Hopf algebra H yiT (see [BaBe', Appen- 
dix]). Thus, one avenue for possible further study, is to bring the theory of 
braided doubles and triangular ideals into the picture. 

Finally, as a small application, we study the wreath product of symplectic 
oscillator algebras; we conclude by showing that the Poincare-Birkhoff-Witt 
property does not hold if we deform certain relations. 

2. Setups - the general and Hope cases 

We work throughout over a ground field k. Unless otherwise specified, 
all tensor products are over k. Define Z^o := N U {0}. Given 5 C Z and 
a finite subset A of an abelian group Vq, the symbols (ib)S'A stand for 
{(lb) UaCt : Ua & S Va} C Vq. We will often abuse notation and claim 

that two modules or functors are equal, when they are isomorphic (double 
duals, for instance). Finally, in developing Clifford theory for RTAs and the 
Category O, we use the general results on Clifford theory over C, that are 
stated in the Appendix in [Mac]. 

Definition 2.1. 

(1) If ^ is a /c-algebra, and F a group acting on A by A;-algebra auto- 
morphisms, then the (T-Jskew group ring over A is defined to be 
A X F := A<^k kT, with relations ja = 7(0)7. (Henceforth, kT is the 
group algebra of F.) 

(2) For 7 G F, define Ad7 G Autfc(A x F) to be Ad 7(07') = 7a7'7~^ = 
7(a) Adr7(7')- 

(3) Given a weight A G Homfc_a;g(A, k) and an A-module M, its X-weight 
space is M\ := {m G M : am = X{a)m Va G A}. 

2.1. The main definitions. We now mention the general setup under 
which our results are proved; for "all practical purposes", the assumptions 
are simpler, and to see them, the reader should go ahead directly to §2.21 

Definition 2.2. An associative /c-algebra A, together with the following 
data, is called a regular triangular algebra (denoted also by RTA; see [Kh2] ). 

(RTAl) There exist associative unital /c-subalgebras B± and H of A, such 
that the multiplication map : -B_ 0k H (^k -B+ — >■ ^4 is a vector space 
isomorphism (the triangular decomposition). 

(RTA2) There is an algebra map ad G Homfc_a/g(/7, End,fc(A)), such that for 
all h £ H, adh preserves each of H, B± (identifying them with their 
respective images in A). Moreover, H ® B± are /c-subalgebras of A. 
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(RTA3) There exists a free action * of a group V onG := Kouik^aigiH, k), as 
well as a distinguished element Og = Op * Og G G such that H = Hq^ 
as an ad ff-module. 

(RTA4) There exists a subalgebra Hq of and a free abelian group Vq of 
finite rank, such that 

(a) acts freely on Gq := ^ovcik- aig{HQ,k) (call this action * as 
well), and 

(b) the "restriction" map vr : G ^ Go sends V *Qg onto 'PQ*'i:{dG)i 
and intertwines the actions, i.e., * o (vr x vr) = vr o *. 

For the remaining axioms, we need some notation. Fix a finite 
basis A of Vq. For each 9 and 9q Vq = ZA, abuse notation and 
define 9 = 6 *0g e G, 60 = 60* tt{Og) G Gq. (We will differentiate 
between € or Go, and Og G G.) We cah G (or Go,'Po,A) 
the set of weights (or the restricted weights, root lattice, simple roots 
respectively). 

Given \ e S C G and a module M over (e.g., M = (^,ad)), 
define the weight space Mx as above, and Ms := Q^^^Mx- Given 
60 G ZA, define Mg^ := M^-i^g^y 

(RTA5) It is possible to choose A, such that B± = {B±)e 

6>G7':7r(6»)G±Z^oA 

(where A is an ff- module via ad). 
(RTA6) (5±)o = (5±),-i(,(o^)) = k, and dimfc(B±)e„ < 00 V^o G ±Z^oA 

(we call this regularity). 
(RTA7) The property of weights holds: for all yl- modules M, 

Ae-Ae> C Ae,e' ^0,6' (^V, 
Ae-Mx C Me,A V0 G A € G. 

(RTA8) There exists an anti-involution i of A (i.e., i'^\A = id [a) that acts as 
the identity on all of H, and takes Ag to ^451-1 for each G "P. 

Definition 2.3. An RTA is strict if H = Ho,G = Go D V = Vo (whence 
vr = id Ig). 

Example. This definition is quite technical; here is our motivating example 
- a complex semisimple Lie algebra g. Then A = ilg, ad is the standard 
adjoint action, and H = Hq = Syml), whence the set of weights is G = 
Go = i)* D V = Vo = ZA (the root lattice). Moreover, i is the composite of 
the Chevalley involution and the Hopf algebra antipode on ilg. 

Remark 2.1. We note that H is commutative by (RTA8), and (RTA6) 
defines augmentation ideals N± of B±. One change from earlier theories of 
the Category O, is in our allowing "non-strict" RTAs in our setup; this is 
needed if we want to include infinitesimal Hecke algebras (not over 3(2). See 
pai2l IKT] for more details. 



FUNCTORIALITY OF THE BGG CATEGORY O 



5 



Standing Assumption 2.1. Henceforth, A is an RTA, F is a finite group 
acting on A, and A; is a field of characteristic zero if |r| > 1. Moreover, in 
A X r, 

(1) There is an algebra map ad : i/xF — > Endjt(A), that restricts on H, T 
to ad G Romk-aigiH,Endk{A)) and Ad G Homgro«p(r, Autfc_a/g(^)) 
respectively. Moreover, i{'y{a)) = 7(i(a)) for 7 G r,a G A, and each 
subalgebra R = k, N± , Hq, H is preserved by ad ^, for each ^ G i/ x F. 
Here, the restricted ad \ h and the anti- involution i are part of the 
RTA-structure of A. 

(2) The map : r X G ^ G = Rouik-aigiH, k), given by (7(A), /i) := 
(A,7~^(/i)), is an action that preserves {V * Og,*)- That is, 'y{6) * 
7(A) = 7(0* A) for all 7, 0, A respectively in T, V, G, and : V*Og ^ 
V*Og V7. 

The above assumptions imply the following "compatibility" : 

Lemma 2.1. Suppose A xiT is a skew group ring that satisfies Assumption 
\2.1i Then T preserves Og> o-nd also acts on Gq (and Vq), such that vr 
intertwines the actions: V7 G F, vr o 7 = 7 o vr on G. Moreover, 'y{Ag) = 
^7(e) V7 G F, G 7^, and ^4 x F has an anti-involution that restricts to i,ir 
on A, F respectively. 

To show this, we need some basic results. 

Lemma 2.2. Suppose a group F acts on an associative unital k-algebra R 
by k-algebra automorphisms. Then F acts on R* : (7(A), r) := (A,7^"'^(r)). 

(1) Given 7 G F, an R-module M , and a weight \, ^{M\) = M^(;^). 

(2) Suppose i : R R is an anti-involution. Define ir{'y) = 7~^ for 
7 G F. Then i,iY extend to an anti-involution o/i? x F, if and only 
if i(7(r)) = ^{i{r)) for all r & R,j ^ F. 

Proof of Lemma \2.1i That 7(^6*) = ^7(6*) follows from the above lemma. 
Moreover, H = ^{H) = ^{Hq^) = H^^q^-^, whence 7 fixes Og- Finally, given 
A G G, one easily checks that 7(7r(A)) = 7r(7(A)) on Hq; in turn, this implies 
that F acts on Vq (since it acts on V by Assumption 12. ip . □ 

We used the (standard) Hopf algebra structure of kV in the above results 
(i.e., A(7) = 7 (8) 7,5(7) = 7~^,e(7) = 1). This is further used in the 
following result, which also helps us rephrase (and reduce) the assumptions 
when H D Hq are Hopf algebras (i.e., ^ is a Hopf RTA; see |Kh2| ). 

Lemma 2.3. Keep the assumptions of Lemma \2.S\ and suppose also that R 
is a Hopf algebra. We thus have Hopf algebra operations A, e, S on both the 
(Hopf) subalgebras R,kT o/i? x F. 

(1) These operations on R, kT extend to x F (such that RxT becomes 

a Hopf algebra), if and only if Ad is a group homomorphism from F 

to Hopf algebra automorphisms Aut Hopf {R)- 
Now suppose that the conditions in the first part hold. 
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(2) Then Ad G UouigroupiT, Autgroup{G)), where G = Homfe_„/g(i?, A;) 
is a group under convolution; (A * /u)(r) := ^ A(r(i));u(r(2)). 

(3) If A D R is a k-algebra containing R (with 1a = 1r), so that T acts 
on A by algebra maps (with compatible restriction to R), then ad \r 
and Ad |r can be extended to ad G Y{ora.j._aig{R ^ r,Endfc(^ xi F)). 

We remark that not every algebra automorphism of a Hopf algebra is a 
Hopf algebra automorphism; for example, if is a non-cocommutative Hopf 
algebra, then the flip map r : H®H'^°^ H^H^"^, given by T{x(^y) = y^x, 
is an algebra map but not a coalgebra map. Here, H^°p denotes the Hopf 
algebra {H,m,ri, A°P,e, S~^). 

2.2. The case of Hopf algebras. Several extensively studied examples in 
representation theory occur with the additional data that H D Hq are Hopf 
algebras (see [Kh2] for a theorem, as well as a list of examples). Thus, this 
is the setup one should have in mind. 

The lemmas above, together with the analysis in [Kh2j . show that some 
of the defining assumptions can be relaxed. (In particular, A is now a Hopf 
RTA, or HRTA, when T is trivial.) Let us mention the "reduced" set of 
axioms for A and ^4 xi F, obtained by combining all this. 

Proposition-Definition 2.1. A skew group ring over a Hopf RTA is ^4 x F, 
where all but the last part (F(A) = A) hold if and only if (see [Kh2j ) A 
is an RTA, H D Hq are Hopf algebras with compatible structures, and ad 
their usual adjoint actions. 

(1) The multiplication map: B- (8)fc H -B+ — > A is a vector space 
isomorphism. Here H, B± are associative unital fe-subalgebras of A. 
Moreover, the "Cartan part" H \s a, commutative Hopf algebra. 

(2) H contains a sub-Hopf algebra Hq (with groups of weights G, Go 
respectively), and Go contains a free abelian group of finite rank 
Vq = ZA. Here, A is a basis of Vq, chosen such that 

(the summands are weight spaces under the usual adjoint actions). 
Each summand in the second sum is finite-dimensional, and (-B±)og 
= {B±)o = k. 

(3) There exists an anti-involution i of A, such that i\H = id |_f/- 

(4) F is a finite group, that acts on B±,H,Hq (and hence on A), such 
that the action of each 7 € F 

• on B± is by algebra automorphisms, 

• on H (and hence on Hq) is by Hopf algebra automorphisms, 

• on A commutes with the anti- involution i, and 

• induced on Go preserves A. 

Remark 2.2. First, we do not assume here, that H is cocommutative; 
nevertheless, H ^ B± = B± x H, the smash product algebras. Next, that F 
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preserves A is included, because it will be needed later to show that every 
Verma module has a unique simple quotient; see Proposition 16.21 below. 

Recently, Bazlov and Berenstein defined a class of algebras that encom- 
passes symmetrizable Kac- Moody Lie algebras and their quantum groups, 
and rational Cherednik algebras. We now mention their connection to skew 
group rings (so one may now try to apply their results in this setup). 

Definition 2.4. A A:-algebra A has triangular decomposition over a bialgebra 
H', if A has distinguished subalgebras H', such that 

• H' acts covariantly from the left on U~ , and from the right on {7"*"; 

• the multiplication map : U~ ®H' ^ ^ is a vector space isomor- 
phism, that makes U~ ® H' and H' ® isomorphic to the smash 
products U~ XI H' and H' tx [7+ (by the above actions) respectively; 

• there exist iJ'-equivariant (via the counit e) characters : — > k. 

Proposition 2.1. Skew group rings over HRTAs are examples of algebras 
with triangular decomposition over H yiT. 

Proof. Set = B± and H' = H >i T. Moreover, define the two actions of 
if X r (on all of A, in fact) to be: h> a := ad h(a) , a<h := ad S{h){a). Since 
B± are direct sums of ad i/- weight spaces, and closed under adP, hence 
one can check that these are valid left and right H xi P-actions (note that 
= idlii/', since H is commutative and P is cocommutative). It is now 
easy to verify the first two conditions. Pinally, define the characters to 
have augmentations N±. Over here, since if is a Hopf algebra, we have 
= e : H ^ k (and e can be extended to if xi P). It is now easy to verify 
that are ff'-equivariant (via e), for we verify on each 0- weight space, that 
e±(ad(/i7)(u^)) = 6^(^g)^,e{h)ut^^g^ = e{h-f)e^{uf). □ 

2.3. Examples. 

(1) The degenerate example is that of an RTA A, where we take P = 1. 

(2) The wreath product SnlA is defined to be A^"^ xi 5„ = SnlA, where Sn 
is the group of permutations of {1, . . . , n}, and ^ is a (strict) (Hopf) 
RTA. By [ Kh2] . A®*^ is also a (strict) (Hopf) RTA, with simple roots 
A = U - Aj, and weights G = G^V = V% and so on. 

Define fi : A ^ A"^"^ C Sn I A, sending a to the product of 
l^ii-i) o (g) I'^i^-i) (g) Ir; then the relations are Sijfi{a) = fj{a)sij, 
where a £ A, and Sij is the transposition that exchanges i and j. 
Thus, a{Vi) = V^^i), and a{9 * A) = a{e) * a{X) V0 G P^, A G G^. 

Moreover, cr(aj) = ao-(i)i where a G Sn, a G A is a simple root, 
and Oj := f*{a) : (ifo)i ^ (So cr{Ai) = A<^(j).) Finally, define 

ad(/ii (g) • • • (g) /i„ (g) a){ai (g) • • • (g a„) := (gj ad/ij(a^-i(j)). 

One checks that each Ad a acts by a Hopf algebra automorphism if 
H (and hence ff®") is a Hopf algebra. Thus, Sn I A satisfies all the 
standing assumptions. 



8 



APOORVA KHARE 



If A X r is a skew group ring over a (strict) (Hopf) RTA, then so is 
A X r', for any subgroup T' of F. 

For any finite F, ^ (8) fcF is a skew group ring if = A. 
If Ai XI Fj are skew group rings that satisfy the above assumptions, 
then we know by |Kh2] . that A = (^iAi is an RTA, the set G of 
weights is XiGi, and F = XjFj acts on A, via: 

ill, . . . ,7„) • (ai (g) • • • (g) a,i) = (71 (ai) (g) • • • 7„(a„)). 

One can check that ^ x F also satisfies ah the assumptions above. 

Finally, if Hi is a Hopf algebra for all i, then so is = ®iHi. 
If each Ad7j acts as a Hopf algebra automorphism on Ai, then the 
same property holds for AdF acting on A. 

3. The Bernstein-Gelfand-Gelfand Category 

We now introduce the main object of study in this article. 

Definition 3.1. The BOG category O is the full subcategory of finitely gen- 
erated ff-semisimple A x F-modules, with finite-dimensional weight spaces 
and a locally finite action of i.e., Vm € M € O, d\m.{B^m) < 00. 

Then O is closed under quotienting, and every object M in O has a locally 
finite action of [H ® (g) kT). Moreover, viewing each M G O as merely 
an A-module, we can show the following lemma, since F is finite. 

Lemma 3.1. Suppose Oa is the Category O for |F| = 1. Then O = OaxiF 
equals A x F - ModQ := {M G ^ x F - Mod : Res^^'^M G Oa). 

Let us first show that complete reducibility for finite-dimensional A- 
modules implies it for A x F-modules; the special case A = (il0)®"',F = Sn 
was stated in Proposition 11.11 above (but one can also state that result for 
[/^(g), for instance). We use the following general homological result. 

Proposition 3.1. Given a finite group F acting on an algebra R over afield 
of characteristic zero, suppose V G R — Mod and P C (i? x F) — Mod are 
full abelian subcategories of finite- dimensional modules, with each D ^ T) 
satisfying: Res^'^'^Z) G P. IfV is a semisimple category, then so is V. 

The second part of Proposition 11.11 now follows, by setting V, T> to be the 
categories of finite dimensional A,Ay<iT- modules respectively. The first 
part will be shown after Remark 14. 2i 

Proof. It suffices to show that Homx)(M, — ) is exact for each object M of P 
(since V is abelian, the long exact sequence of Extx>'s vanishes). Since V is 
also full, we use |Macl Equation (A.l), Appendix], and compute: 

Hom25(M, -) = Hom/j>,r(M, -) = (^Homij(Res^^'^ M,Res^^^ -))^ 

By Maschke's Theorem (over characteristic zero), taking F-invariants is an 
exact functor (since everything is finite-dimensional here), as is Res^'''^ - : 
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P — > P. By semisimplicity in the full subcategory V, Hom-piRes^^^ M, — ) 
is also exact. Thus their composite is exact as well. □ 

4. Summary of results 
We now summarize our main results. 

Standing Assumption 4.1. Suppose Ai xi Fj are skew group rings over 
RTAs for 1 < i < n, each of which satisfies Standing Assumption 12. II above. 
Suppose also that each Fj preserves Aj C {Go)i, and that k is algebraically 
closed if any Fj is nontrivial. 

Then all this also holds for A x F, where A := ®iAi and F := XjFj. Hence, 
we will state results only for j4 x F wherever possible, because it combines 
all the functorial constructions above (see (11. ip ). One can thus use A as an 
RTA or as CS)iAi. To see the results for any of the "subcases", take n = 1 
(to study only Clifford theory), F to be trivial (to study only RTAs), etc. 

Let C be the category of finite-dimensional /7-semisimple H x F-modules, 
and X the isomorphism classes of simple objects in C (so X = G if |r| = 1). 
Then 

• C is semisimple. 

• X classifies the simple objects in O = Oa^f, and for each x G A, 
there is a Verma module Z{x) G O with unique simple quotient V{x). 

• Given x, there is a F-orbit A^. S G/T (its "set of weights"), such that 

— for each A E G, there exists at least one - and only finitely many 
- X G X such that A G A^;. 

— ("Weyl Character Formula 1".) V{x) ^ 0;,^;,^ Va(A)® '^^'"^^ as 
yl- modules in Oa, where Va(A) is simple in Oa- 

— The center Z := ^{A x F) acts on a Verma or simple module 
by a central character Xx ■ Z ^ k. 

Next, we define duality functors F on the Harish- Chandra categories 7i 
containing O and C, using the anti-involution i on A and H respectively. 

• F is exact, contravariant, and involutive on C and Ti. 

• F{V{x)) = V{F{x)). 

• Simple modules V{x),V{x') have non-split extensions in O if and 
only if they or V{F{x'))^V{F{x)) are the first two Jordan-Holder 
factors in a composition series for a Verma module. 

For example, if |F[ = 1, then A = G and F{V{\)) ^ V{X) VA G G. 

Definition 4.1. Fix x G A. 

(1) Define GC{x) = S'^{x) to be {x' G A : Xx' = Xx}- 

(2) Define S^{x) to be the symmetric and transitive (or equivalence) 
closure of {x} in A, under the relations (a) x — > x' if V{x) is a 
subquotient of Z{x'), and (b) x x' if F{x) = x' . 

(3) Define ^'(x) to be the equivalence closure of {x} in A under only 
the relation (a) above. 
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(4) Define the following partial order on X: x < x' if x = x' , or there 
exist A G Aa;, A' G Xx', with vr(A') E (^>o) * 7r(A). 

(5) Given S C X 3 x, define S-^ := {s £ S : s < x} (and as a special 
case, if 5 C G and |r| = 1). Similarly define S<^ and S<^. 

(6) 52(x) := {7r(A,0 : x' € S^{x)}, S\x) := {7r(A,0 : x' G ^^(x)^^- 

(7) j4xr satisfies Condition (S1),(S2),(S3), or f^S'^j if the corresponding 
sets S'"'(x) are finite for all x € X. 

(8) The block 0{x) is the full subcategory of O, comprising all objects 
in O, each of whose simple subquotients is in {V{x') : x' G S'^(x)}. 

(9) Given skew group rings Ai xi Fj over RTAs for 1 < i < n, each of 
which satisfies Standing Assumption 14.11 above, define Xi similar to 
X, but over Hi x Fj for all i. Given Aj G Gi Vi, the simple objects 
over A = (Ai, . . . , A„) in the four setups in (jl.ip are, respectively. 



Remark 4.1. 

(1) As we see below, X = XiXi here, so Ax G XjGj = G, as it should. 

(2) That Verma modules Z{x) are indecomposable and have a unique 
simple quotient V{x), is related to the fact that Z{x) is the projective 
cover of V{x) in a "truncated" subcategory of O. (See Lemma ri2.11 ) 

(3) The relation between simple objects in the four setups for Category C 
(and O) is expected from diagram (II. 2|) . and "indicated" in ()4.ip . Its 
analogue in O forms the "front face" of the "cube of simple objects" 
below. We show later, that V(x) := (^iVi{xi) G OaxiF- We now 
state all this using diagrams; in them, "x" really is some sort of 
induction, or an "inverse" to "restriction" (from Ai xi Fj to Ai). 

(4) The Conditions (S) are not uncommon: (S3) holds for complex 
semisimple Lie algebras, (nontrivially deformed) infinitesimal Hecke 
algebras, and both their quantum analogues (e.g., see the example 
after Remark i^l [KhTl 110121 IGK] respectively). 

Theorem 4.1. Fix 1 < m < 4, and work in the above setup. 



Proposition 4.1. 

(1) The following diagram of "posets of simple objects in O" commutes 
( in the spirit of diagram (jl.2p ) in between various C 's: 



Xi, {xi £ Xi : Xi e Xxi}, X, {-K £ X : X £ Ax}. 



(4.1) 



(1) X = XiX,. 

(2) Inside any such Ay^T, 7(5X(A)) = 5X(7(A)) VA G G,7 G F. 

(3) Given RTAs Ai and Xi £ Gi, 5^(Ai, . . . , A^) = XiSJ.{Xi). 



{Gi] 



X 



X 



G — XiGi 



X 



X = x.Xi 
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(2) Moreover, given Aj S Gi and Xi € Xi (for all i ) such that Aj G A^^ . , 
the three constructions of ®i, F , and "x " form a commuting "cube 
of simple objects" in various O's: 



mxi)} 



{V^iX^)} 




V{X) 




y(F(x)) 



V{X) 



y(x) 



(3) The "corresponding" cube in between various C's commutes. 

(4) For all 7 G F, Aj G Gi, and Xi G Xi with Aj G Xx^ Vi, the "Verma 
cube" below, commutes (here, Z{x.) := ®iZi{xi)): 



{Z^{l{X^))] 



{Ziixi)} 



(4.2) 



7(-) 



{Zi{X^)} 




Z(7(A)) 



7(-) 





^ ^ 







Z(x) 



Z(A) 



We also get a commuting cube by replacing all Z's by F's in part (4). Note 
also that the poset structure on each set in part (1) is needed to prove that 
the Cs are highest weight categories. 

We now state our main theorems; the rest of this article is devoted to 
proving them. Note that O is taken to mean the BGG Category in any of 
the four setups. Finally, for an explicit statement of parts 1(b) and 1(c) 
below, see Proposition 117.11 



Theorem 4.2. Suppose the standing assumptions \4 ■ 1\ above hold. 

(1) Each of the following conditions holds in one setup (see (11.11) ). if 
and only if it holds in any of the other three: 

(a) Finite- dimensional modules in O are completely reducible. 

(b) For a fixed A = (Ai, . . . , A„) G XjGj, V{x) is finite- dimensional 
for any simple object x over A. 
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(c) For a fixed A = (Ai, . . . , A„) G XjGj, Z{x) has finite length for 
any simple object x over A. 

(d) O (equivalently, every Verma module Z{x)) is finite length. 

(e) Any of Conditions (S1)-(S4) holds (for a fixed 1 < n < A); for 
(S4), we also need that x T) = 3{A)^ C A. 

(2) We have the following sequence of implications of the Conditions 
(S): (53) ^ {S2) =^ (51); moreover, (54) (53) if 3{A x T) C A. 

Theorem 4.3. Suppose the standing assumptions \4 ■ 1\ above hold. 

(1) If A yd T satisfies Condition (SI), then O is finite length, and hence 
splits into a direct sum of abelian, finite length blocks 0{x). 

(2) If A yiV satisfies Condition (S2), then each block has enough projec- 
tives, each with a filtration whose subquotients are Verma modules. 

(3) If A y<i T satisfies Condition (S3), then each block 0{x) is a highest 
weight category, equivalent to the category (Mod— i?)-^^ of finitely 
generated right modules over a finite- dimensional k-algebra B = B^- 

In the last part, moreover, many different notions of block decomposition 
all coincide, and (a modified form of) BGG Reciprocity (see |BGGj ) holds 
in O with a symmetric (modified) Cartan matrix. 

Remark 4.2. One can add other (equivalent) setups, for example A xi F', 
where V is any finite group that acts "nicely" on A, B±, G, A. 

Example: Suppose F = 5„ and A = (ilg)®" for a complex semisimple Lie 
algebra q. Then the "dominant integral" x (z X are precisely the simple 
objects over the dominant integral weights (Pq)"" of g®". Every finite- 
dimensional module is in OaxF; and is completely reducible. 

Theorem A. 5 in |Macj explicitly describes each x G X (the construction 
for V{x) is similar): choose a partition ni + ■ ■ ■ + ni = n, and for each 
j, pick Xj £ f)* pairwise distinct, and simple 5„^. -modules Nj. Then x = 
Ind(g)^.^J(C'^j)®"j' 'SicNj], where one induces from (X)'=i(5„^. to 5„?ilf}. 

For example, fix any A € f)*. The module corresponding to the partition 
n = ni and the one-dimensional simple 5n-module, is V{x) = y(A)®" (and 
Sn acts by permuting the factors). (This proves the first part of Proposition 
11.11 since the modules y(A)®" have unequal formal characters for pairwise 
distinct A.) More generally, y(A)®" E is simple in O for any simple 
5„-module E. 

Finally, all the Conditions (S) hold for ilg (and hence for A x 5„, by 
above results). This is because by the theory of central characters and 
Harish-Chandra's theorem, 5^ (A) = • A (so the strict HRTA ilg satisfies 
Condition (S4)), where Wg is the (finite) Weyl group of g, and • its twisted 
action. This also gives the usual and twisted actions of Sn I Wg on the set 
of weights ((jg)®*^. The twisted action is "good", since 

(crw) • A = (cr(w)cj) • A = cj(w • A) = a{w) • cr(A) 
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for all A G (l}*)®",w G W^, and a € Sn- We now adapt the above results 
here; note that Rg = Snl Hg- 

Proposition 4.2. 

(1) Rg is of finite representation type. 

(2) // O' is the category of M £ Rg - Mod such that Resfw G Oa, 
then O' is a direct sum of subcategories 0'{X). For a given sum- 
mand, the modules in it are of finite length, and all their simple 
subquotients have highest weights only in Sn{Wg • A) for various 
AgG:= {ifir^/iSnlWg,.). 

(3) @ is precisely the set o/ central characters of Rg, where Rg has center 

(3(il0)®")^". 

Proposition 14. II and all the theorems in this section are proved in flTl below, 
and Proposition 14.21 is shown in Section [TTl 

5. The first setup - skew group rings 

We start by relating Oa and OaxT- The first thing to do is to identify a 
set which will characterize the simple objects in OaxiT- 

Definition 5.1. 

(1) Denote by Fi the set of singly generated F-modules. 

(2) Let C denote the abelian category of finite-dimensional ff-semisimple 
(H X r)-modules. 

(3) Let Y denote the set of isomorphism classes of objects in C generated 
by a weight vector vx (for some A G G). 

(4) Let X cY denote the isomorphism classes of simple objects in C. 

If m G M is a weight vector in M G X simple, then 

M = {H xi r)m = kT{k ■ m) 

so that every M G X is of the form M = kV/I for some ideal I (as F- 
modules). Now suppose M ^Y; thus, M is of the form kT/I. Note that 
to fix an (H xi r)-structure on the module involves fixing the weight vector 
Vx G kT/I. This is equivalent to choosing which ideal J of kT to quotient 
out by, so that kV/ J = kT / 1 £ Ti (as F- modules). Hence, 

Y = {(A, M, [J]) : A G G, Af G Fi, kV/J ^ M}, (5.1) 

where J is assumed to be an ideal of kT, that annihilates vx- (We thus 
map 1 1-^ Vx, and kill h — A(/i) • 1 for all h G H.) Over here, we only take 
isomorphism classes of ideals [J]. For example, if vx G Mx generates M, 
then so does ^yvx G ^■^/(x) ■ 

Definition 5.2. Aj^ (for y £Y) is defined to be this A; or more precisely, Xy 
is the F-orbit [A] G G/F. (However, we will abuse notation and say X = Xy 
- or A = A^, if y = X G X - instead of A G Xy.) 
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Remark 5.1. Note that given M G Ti, not all A € G occur in the set 
of triples in Y (as the first coordinate). For example, if M is the trivial 
representation of F, then 7 — 1 annihilates M for all 7 € F, so the only 
permissible weights here are A G . 

However, for all A G G, there exists y & Y such that A = Aj^. For we 
take the one-dimensional ff- module fc^ = k ■ vx, where hv\ = X{h)vx for 
ah h e H. We now induce this, to get M = Ind^"^^ k^. Thus M ^ kT as 
fe-vector spaces, and (A, M, 0) E Y. 

Now consider the special case F = 1; all objects in X are one-dimensional, 
and X = Y = G = Homfc_a;g(i7, A;). These are the maximal vectors, 
from which one induces Verma modules. Moreover, all objects in C are 
iJ-semisimple. This last part is true in general: 

Proposition 5.1. Every object of C is completely reducible. 

Proof. Use Proposition l3.1l with R = H,V the category of finite-dimensional 
/f-semisimple //-modules, and V = C as above. □ 

The following is the other main result of this section. 

Theorem 5.1. For each A G G, there exists one - and if k is algebraically 
closed, only finitely many - x X with A = A^. 

Proof. We first show that the set is nonempty. Choose y € Y such that 
X = Xy (by Remark 15. ip , and look at a composition series C -Ei C . . . 
(as above) for E = My, as {H x F)-modules. Then all subquotients are 
i/-semisimple, so by character theory, {Ei^i/Ei)\ ^ for some i. Then 
A = A^, where x = Ei+i/Ei G X. 

If F is trivial, then so is the second part of the result. Now suppose that 
|F| > 1 and k is algebraically closed of characteristic zero. To show that 
this set is finite, use fMacL Theorem A. 5], setting R = H. Now, the set of 
subgroups of F is finite; hence so is the set {(F', M)}, where F' is a subgroup 
of F, and M is a simple F'-module (up to isomorphism). 

The theorem now says that every simple H x F-module is of the form 
Ind^^p,(/c^ Cg> (F')^) for some simple //-module k'^ and simple F'-module 
(F')'^, where F' fixes A. (Note that since we are only concerned here with 
finite-dimensional representations, a simple //-module is one-dimensional by 
Lie's theorem; we denote it by fc^ as above.) The structure is given here by 

{h (g) 7)(uA ® Wy) = h'y ■ v\®^ ■ w^j, = X{h) ■ -jvx ^w^ Mh G //, V7 G F' 

(where we fix a group action : F' — > Aut/fc(fc'*')). Fixing A and 7, the set of 
(F',//)'s is finite, hence we are done. □ 

6. Verma and standard modules 

Unless otherwise specified, the functor Ind denotes I^id^^^^-j^p hence- 
forth. Given a finite-dimensional (// /?+) x F-module E, we can define 
the induced module Ind£^ G O. Given a finite-dimensional (// x F)-module 
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E, we also define the (universal) standard module ^{E) as follows: we first 
give E an (H -B+) x F- module structure, by 

n+ (g) 7)e = 0, (/i (g) 1 (g) 7)e = h'ye 

for each h £ H, 7Gr, e G E, and n+ E A^+. Now define the induced 
module A(£'), to be A(£') = IndE. The following properties are standard. 

Proposition 6.1. Suppose E is a finite- dimensional (H B-^-) xi T-module. 

(1) Ind£^ = B (gfc E, as free B^-modules. 

(2) If E has a basis of weight vectors, then chindE = chB_ ch.E- 

(3) If E' d E is an {H ®Bj^) x T-submodule and E is H-semisimple (as 
above), then lnd{E/E') ^ Ind£;/Ind£;'. 

We now recall a few concepts from |Kh2j : 

(1) Go has a partial ordering (via the base of simple roots A): < A if 
and only if there exists 9q G ZI^qA such that 9o*n = X. This induces 
a partial order on G: A > ^ if A = /i in G, or 7r(A) > 7r(^) in Gq. 

(2) The formal character of M € O is chM := X^AeG(*^™fc M\)e{X). 
(Note that Proposition 16.11 used the latter notion.) We now relate the F- 
action to the partial ordering. 

Standing Assumption 6.1. Henceforth, T acts by order-preserving trans- 
formations on Gq. In other words, ^ < A =^ 7(/^) ^ ^7 € T. 

Remark 6.1. For instance, if F = 1, or F = S'n and A x F is the wreath 
product Sn I A, then this assumption holds. It also clearly holds when 
A X F is built up from subalgebras Ai x Fj (as discussed above), and each 
Fj preserves Aj C (Gj)o. Moreover, this assumption is reasonable, as the 
subsequent lemma shows. 

Lemma 6.1. Suppose a set Gq contains a free abelian group (denoted by 
ZAq = 0„gAo '^^) ''^^^^ ^ f'^^^ action * on Gq, that restricts to addition on 
ZAq. Define a partial order on Gq by: X'> fj, if and only if X £ (Z^qAq) * fJ-- 
Suppose also that a group Tq acts on Gq, preserving ZAq and the action *. 

(1) The following are equivalent, for a given 7 G Fq.' 

(a) 7=^Ha) G Aq for all a £ Aq. 

(b) For each a G Aq, there exists Ua G N, so that 7^^(no,Q!) > 0. 

(c) If a £ Aq then j^^ia) > 0. 

(d) //A > then 7^^^) > 0. 

(e) 7,7^^ act on Gq by order-preserving automorphisms. 

(2) If the conditions in the first part are satisfied, and 7 has finite order 
in Tq, then 7(A) ^ A for all X £ Gq. 

(3) Under the assumptions of Standing Assumption \2. 11 if for all a G A, 
there exists G N with {B+)n^a / 0, then the first part holds for 
Go = G,Fo = F,Ao = A. 

Note that we do not need Aq or Fq to be finite in this result. 
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Proof. 

(1) The cyclic chain of imphcations is easy to prove. 

(2) If 7(A) < A for some A, 7, then 7*+-^(A) < 7*(A) Vi, by the previous 
part. Hence if 7" = 1 in F, then we get a contradiction: 

A = 7"(A) < 7"~^(A) < • • • < 7(A) < A. 

(3) For 7 G F, A € G, ^ : Ax ^ ^7(A) by Lemma 12.11 (since A is 
an ad i7-module) . In particular, 7^ 7((i?+)nao) C A^(^naa) 

(by assumption) = (i?+)^(„^Q,). (This makes use of the fact that 
707r = 7ro7onG.) Hence 'y{naa) > Va, 7; now use the first part. 

□ 

We now introduce the following notation: for y € y, we write y = 
{Xy, My, Jy) {sce cquation (jS.ip ). This representation of y may not be 
unique, e.g., under the action of F. We also define Verma modules to be 
Z{y) = A{My), for y £ Y. The next result is standard; the first part uses 
Standing Assumption 16.11 via (the second part of) Lemma l6.1[ 

Proposition 6.2. 

(1) IfyeY and {My)x + 0, then {Z{y))x = {My)x, where A = A^,. 

(2) If X £ X, then Z{x) has a unique simple quotient V{x). Its "highest 
weight" vectors also span (as is true in Z{x)). 

(3) Z{x) is indecomposable for x £ X . 

We next turn to standard cyclic modules, namely, modules generated by 
a single maximal (i.e., in ker A^+) weight vector. 

Definition 6.1. 

(1) A standard cyclic module is a quotient of A{My) for y G y. 

(2) A module M has an SC-filtration or a p-filtration (denoted by M G 
JF(A); see |BGGj ) if it has a finite filtration whose successive quo- 
tients are standard cyclic or Verma modules, respectively. 

(3) A module M has a simple Verma flag if it has a p-filtration by Verma 
modules {Z{x) : x G X}. 

(4) We define a relation on Y: we say y < y' if and only if Xy < ^{X'y) 
in G for some 7 G F, or else y = y' . 

Proposition 6.3. 

(1) < is a partial order on Y . 

(2) If E is any finite- dimensional H-semisimple (H ® B^) xi T-module, 
then Ind E has a simple Verma flag. 

Proof. 

(1) y < y' and y' < y, then y = y' hy Lemma l6. 11 

(2) Look at a composition series for E in C, say C -Ei C • • • C En = E, 
with Ei^i/Ei = Mj;. for some Xi G X. Using formal characters, we 
can rearrange the Ei's (see |BGGj ). such that Xi > Xj ^ i < j . 
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Character theory now shows that this "rearranged" filtration is 
a chain of {H (g) x F-modules. But then C IndE'i C ■ ■ ■ C 
Ind En = Ind-E is a simple Verma flag for Ind-E, by the exactness of 
Ind (from Proposition 16.11 above) . 

□ 

7. Simple modules 

We now classify all simple modules in O, as well as those of them which are 
finite-dimensional. We assume that we have classified all finite-dimensional 
simple j4-modules Va(A) G Oa- (Note, as in [Khlj . that if k is algebraically 
closed, then all finite-dimensional simple A-modules are in Oa, and hence 
are of the form Va(A) for some A.) The following is trivial. 

Lemma 7.1. Given M ^ O, a weight vector v M is maximal, if and only 
if so is 'jv for any 7 S T. 

Proposition 7.1 ("Weyl Character Formula 1"). Fix x ^ X, and consider 
Mx C V{x). Then B^v^ = Va(/^) for all weight vectors G M^, and 
left-multiplication by 'j is a vector space isomorphism : Va{^j) — > V^(7(^)). 
Thus, chy^(^(^)) = 7(chv^(^)) for all 7,/x. 

Moreover, if {7^^ : 1 < i < n} is a weight basis of M^, then V{x) = 
0j VA(7i(Aa.)) as A-modules. In particular, chv(a;) = YA=lC^VA{l^{\x))■ 

Proof. We first note that if B^v^ = Va(/^) for all G M^, then jB-V^ = 
7l?_7~^ • 7f^ = B^jv^, and this must equal VA{'y{fJ-)) (it is simple because 
any maximal vector in 7^4 (^) must come from one in Va(/^)). Thus the 
second part follows from the first (and holds for every /i, since each fi is of 
the form A^ for some x G X, from above results). 

Observe that is maximal, being in M^, hence B-v^ is a standard cyclic 
module in Oa- We claim that it is simple. Suppose not. Then there exists 
a maximal vector G B-Vf^, of weight v < n, say. We now claim that 

V := ■ (b-Vf,) = ^^lB^{b^v^) is a (nonzero) proper (^4 x T)- 

submodule of V{x) (which is a contradiction). For since the 'jb-v^^s have 
weights < 7(/^) respectively, are maximal vectors by Lemma 17.11 and 
generate V, hence Vf^ hy Lemma [6Tl Thus B^v^ = VAifJ-), as claimed. 

Finally, if {jiVx^} is a basis of M^, then 

V{x) = B.M, = B.{kr ■ vxj = Y,B^^,vx.^ = Kl(7i(A.)) 

i i 

Now, -ii{vx^ i V := Y.,^^yA{l^{\x)), SO VA{l^{Xx)) H = 0. Heucc the 
above sum of simple ^-modules is direct; now use character theory. □ 

Remark 7.1. The same results hold if we replace simple modules by Verma 
modules, i.e., x G X by y G y, Vs by Z's, and Va's by Z^'s respectively 
(using the proof of Proposition 16. Ih . Moreover, we claim that the length 
Ia{Za{i{X))) (if finite) is independent of 7, for any A G G. For, choose any 
X G X such that A^ = A; then B-^v\ = Zyi(7(A)) as A-modules, for all 7. 
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Moreover, 7 : Za{X) —i- Z^(7(A)) takes maximal vectors to maximal vectors, 
so it preserves the length of any filtration. 

Corollary 7.1. Suppose Va(A) is finite-dimensional. Then so is Va(7(A)) 
for all 7, and the dimension is independent of j. Moreover, dimV{x) = 
diuiAIx • dimT/4(A), if X = Xx- 

Proof. For all € G, 7 : V^if^) VAijif^)) is a vector space isomorphism 
(as ^-submodules of some V{x)), by Theorem 1 5 . 1 1 and Proposition 17. 11 The 
next part is also clear by Proposition 17. II □ 

All these facts come together in proving 

Theorem 7.1. 

(1) Every simple module in O is of the form V{x) for some x G X. 

(2) Given x ^ X, the simple module V{x) is finite- dimensional if and 
only ifVA{Xx) is finite- dimensional. 

(3) Given x G X, the Verma module Z(x) is of finite length, if and only 
if Za{\x) G Oa is. 

Proof. 

(1) This is standard from the previous section, say. 

(2) If V{x) is finite-dimensional, then so is its Aj-submodule Va{Xx) (by 
Proposition 17. ip . The converse follows from Corollarv l7.1[ 

(3) If each Za{Xx) € Oa has finite length, then by Remark 17.11 Z{x) 
has finite length as an A-module - hence also as an j4 xi T-module. 
Conversely, ii lAxtriZix)) < 00, then Ia{Z{x)) < 00, since by Propo- 
sition [7?T1 lA{yix')) < 00 Vx'. Now use Remark l7.ll again. 

□ 

Corollary 7.2. // k is algebraically closed, then every finite- dimensional 
simple A x T-module V is of the form V{x) G O for some x G X. 

8. Duality 

We now introduce the duality functor, that helps obtain information 
about the Ext-quiver in O (and its relation to the partial order on the 
simple objects). We first make a general definition. Suppose we have a 
fc-algebra A' , satisfying the following: 

There exists an anti-involution i : A' ^ A' , that fixes a subalgebra H' C A'. 
Definition 8.1. 

(1) The Harish- Chandra category Ti' = Ti-A',!!' over {A\H') consists of 
all ^'-modules M with a simultaneous weight space decomposition 
for H' , and finite-dimensional weight spaces. 

(2) The duality functor F : Ti' ^ 7i' \s defined as follows: F{M) is the 
span of all //'-weight vectors in M* = IIomfc(M, /c). It is a module 
under: {a'm*,m) = {m* ,i{a')m) for a' e A',m e M,m* G F{M). 
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Remark 8.1. One can then show |KhH Propositions 1,2] (except for part 
2 of Proposition (2.2)): 

Proposition 8.1. F is exact, contravariant, and preserves lengths and for- 
mal characters. Moreover, F{F{M)) = M for all M G H' . 

8.1. Functoriality. Now suppose we have algebras A' D A" D H' , with 
*A'U" = ^A"- We then have the duahty functors F',F" on the Harish- 
Chandra categories Tl' = 'Ha',h','H" = Ha'^h' respectively, and the forget- 
ful functor id' : Tl' 7i" . The following is easy to prove. 

Lemma 8.1. F" o id' = id' oF' on W . 

8.2. Application to the BGG Category. Note that ^ xi F has an anti- 
involution z = i^^ir by the standing assumptions. This enables us to define 
the duality functor F : O — > O'^'^ C T~L, as in |Khl| . Now, F permutes the set 
of simple objects, so F{y{x)) is also a simple object in 7-^ = TiAyiV^H- More- 
over, r acts on formal characters (i.e., on Z[G]): if e(A) € Z[G] corresponds 
to A G G, then 7(e(A)) = e(7(A)). 

We now put A' = H yiV and H' = H. Then the analogous results hold, 
and we get a duality functor on Hnxir, that restricts to one on C as well. 
In particular, F permutes the set of simple objects, i.e., F : X ^ X. For 
example, if F = 1, then F{X) = A S G, since each x & X = G is then 
one-dimensional. 

The following result relates the dualities in C and O, and generalizes part 
2 of pCETl Proposition 2.2]. 

Proposition 8.2. For all x £ X, we have F(y{x)) = V{F{x)). 

Proof. We know that F{V{x)) is a simple module in 7i with the same formal 
character as V{x). It thus has a weight vector of maximal weight, which 
generates the entire module, since it is simple. Thus F(y{x)) € O, whence 
it is of the form V{x') from above. We claim that x' = F{x). 

To see this, apply Lemma [8A\ setting A' = A xi T, A" = H T, H' = H. 
The "highest" set of weight spaces in V{x) is the H xi F- module M^, and 
F" sends it to MF(xy, now by LemmaEH F{V{x)) = V{F{x)). □ 

We conclude with a standard variant of Schur's Lemma, in addition to 
dualizing the fact that V{x) is the unique simple quotient of Z{x). 

Proposition 8.3. 

(1) For all X G X, F{Z{x)) has socle V{F{x)). 

(2) Given x,x' G X, 

RouiAMZix), F{Z{F{x'm = RomAMZix),Vix')) 
= }loin(^H(s>B+)>ir{Z{x), M^>) = Rom(^Htg)B+)xsr{V{x), M^>) 
= }loin(^H(s>B+)>ir{Mx, M^i) = Hom(^^B^)>,r(M^, Vix')) 
= Hom^>,r(l/(x), V{x')) = 5^^^i End/^xr(M^), 
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where each Mx is killed by N^, and M — » Mx for M = Z{x), V{x), 
with kernel(s) e^<^(;^^)M^. 

(3) dimfcEnd(Ma;) = dinifc End(M^(^.)) Mx G X. 

(4) If k is algebraically closed when \T\ > 1, then Mx,V{x), and Z{x) 
are Schurian, i.e., the only module endomorphisms are scalars. 

We merely remark that in the second part, the first equahty is standard. 
Moreover, for all terms but the first and the last, all Hom-groups are clearly 
zero unless x = x\ in which case, we produce a cyclic chain of maps i^ab '■ 
A{x) B{x'), that compose to give the identity: 

9. HOMOLOGICAL PROPERTIES 

In this section, we show some results that are needed in later sections. 

9.1. Every object has a good filtration. We now show that every mod- 
ule in O has a filtration with standard cyclic subquotients. As in jKhlj . we 
need more notation. 

Definition 9.1. 

(1) Define ht : ZA — > Z, via: ht {'^^gA "-qCk) '■= ^a- 

(2) Given / G Z^q, define B+i := Eht^(e)>z(^+)e m B+ for ah / G N. 

(3) Given A G G and / G N, define the subcategory 0{X, I) to be the full 
subcategory of all M e O such that B+i ■ kV ■ Mx = 0. 

(4) Given y G y, define the module 

P{y,l) := {A>^T)/{B+i,Jy), 

where y = {\y,My, [Jy]), and we identify 1 with the generator vx^ 
(by choice of [Jy]), as in equation (jS.lh . (Thus h — Xy{h) ■ 1 G Jy for 
aU h G H.) 

(5) Define ly^i to be the left ideal of (the A;-algebra) {H (g) B+) xi F gen- 
erated by B^i and Jy, and set Ey^i := {{H <^ B^) xi T)/Iy^i. 

Thus, Ind Ey^i = B_® Ey^i = (A xi r)/((^ x T)Iy^i) = P{y, I); in particular, 
P{y,l) G O. In fact, by considering the formal character of Ey^i, P{y,l) G 
0{Xy, m) Vm > l,y £Y; moreover, P{y, / + 1) ^ P{y, ^• 

Note that kT -1 = My C Ey^i. Since Ey^i = B^My is a finite-dimensional 
-ff-semisimple {H ® -B+) x F-module, hence this is similar to a construction 
in [BGG], and by the above results, P{y,l) has a simple Verma flag, with a 
"suitable arrangement" of composition factors, by the proof of Proposition 
16.31 above. In fact, for all one of the terms in the Verma flag for P{x,l) 
is Z{x), and by inspecting the formal character of Ex^i (or its direct sum 
decomposition as a -ff x F-module), we find that all other terms are of 
the form Z{x') for x' > x. For example, if / = 1, then Bj^i = N^, so 
P{y,l)=Ziy). 
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We now analyze singly-generated modules in O, and then all modules. If 
N = {A ><i T)v\ for some (not necessarily maximal) weight vector v\, then 
N = B-B^{kTvx), where we note that kTvx = My, say, for some y G Y. 
Since N ^O, hence B^{kTv\) is finite-dimensional, so that P{y,l) ^ N = 
{A X ^)vxy for all 1^0. In fact, we have: 

Proposition 9.1. 

(1) For all I > 0, is a two-sided ideal of with finite codimension, 
that is stable under the T-action. 

(2) IfN€ 0{X,l) and A = Xy, then 
Homo(P(y,0, A^) = Homjf>,r(My, /cF ■ NxJ. 

(3) P{y,l) is projective in 0{Xy,l) for all y gY, Z e N. 

(4) If N ^7i, then the following are equivalent: 

(a) N eO. 

(b) N is a quotient of a (finite) direct sum of P{yi,li) 's. 

(c) N has an SC-filtration, with subquotients of the form Z{x) — > 
V ^0, with X £ X. 

Proof. 

(1) Two-sidedness follows from (RTA7), and finite codimention from 
(RTA6). Next, if & € S+/ is a weight vector of weight A, then 
ht A > Z. But then by Lemma \67\] ht7(A) > I, whence 7(6) G B^i. 

(2) This is as in jBGG] (or also [KhTl Proposition 5]). 

(3) This follows from the previous part and Proposition 15.11 above. 

(4) This is proved as in |Khl[ Proposition 7]. 

□ 

A standard consequence is 
Proposition 9.2. The following are equivalent: 

(1) Za{X) has finite length for all A. 

(2) Z{x) has finite length (as an A yi T -module) for all x € X . 

(3) Z{y) has finite length for all y gY . 

(4) (Da_ is finite length. 

(5) OaxiF is finite length. 

9.2. Extensions between simple objects. We now obtain information 
about the Ext-quiver in O. Recall the partial ordering on Y, namely: y < y' 
if and only if A^^ < "y{Xyi) for some 7 G T, or y = y'. We also define Y(x) 
(for any x) to be the unique maximal submodule of Z{x). We now imitate 
a result in [Kh2] : the proof is similar to that of |KhH Proposition 4, part 2]. 

Proposition 9.3. E^^x' '■= Ext£,(y(x), ^(x')) is nonzero if and only if 
(x > x' and) Y{x) V{x'), or (x' > x and) Y{F{x')) V{F{x)). 
Moreover, E^^x' — Ep(^x'),F{x) 'i^ finite- dimensional. 

We now show our first block decomposition - though not for O. The 
proof uses Proposition 19.31 and an argument similar to |iKhl> Theorem 4]; 
each "finite length block" is clearly self-dual. 
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Proposition 9.4. Define Ofq to be the full subcategory of all finite length ob- 
jects in O. The sum (^(^) ^n) of distinct subcategories (of all finite 
length objects in 0{x)) is direct, and equals all of On. Each "finite length 
block" is abelian, (finite length,) self-dual, and closed under morphisms and 
extensions (in O^). All morphisms and extensions between distinct blocks 
are trivial. 



Proposition 10.1. Fix y (zY, fi G. The following are equivalent: 

(1) [Za(7(Aj;)) : > for some 7 G T. 

(2) There exists x ^ X so that = /i and [Z{y) : V{x)] > 0. 

For this result (and also later), we need the following lemma. 

Lemma 10.1. For any ring R, every simple (sub)quotient of a direct sum 
of R-modules, is automatically a simple (sub)quotient of some summand. 

Proof of the proposition. First assume that (1) holds; then there is a 6_ G 
S_ with h-W-yf^Xy-) = w^, where w^(^Xy~^,Wfj_ are maximal weight vectors of 
appropriate weights. Now assume v\y is maximal in Z[y). Then we claim 
that Vfj_ := b^^vxy is maximal in Z{y); this is because i?_ -JvXy = ZAijiXy)) 
as A- modules. 

Let us now write kT -v^ as a direct sum of simple {H B^) x F-modules, 
by results above. If Mx is any simple summand, then we see that V{x) is a 
sub quotient of Z{y), with Xx = fJ-; thus, (2) follows. 

Conversely, assume (2). Given a weight basis B of My C Z{y), we have 
Z(y) = ®„gg B-V as vl- modules (from Remark 17. ip . with each summand a 
Verma module for A. So if [Z{y) : V{x)] > 0, then as ^-modules, Va{Xx) is a 
simple subquotient of Z{y). By Lemma nO.!) Va{Xx) is a simple subquotient 
of some B-v, hence of Z^(7(Ay)) for some 7. □ 

Next, recah the definition of 5" (A) = 5^(A), 5"(x), for A G G and x G x 
(see Definition 14. ip . We now relate the Conditions (S) for A and A y<\T. 

Proposition 10.2. Define Sr{x) := {x' G X : A^' = 7(/^) for some 7 G 
r,/i G S\{Xx)}. Now given all X ^ 0,^ € T,x £ X , we have: 



10. The Conditions (S) 




U S'\x) = Srix) = wt-\r{S\{X))) Vx G wt'^X). 



(10.1) 



wt{x)=X 

(3) For n = 1,2, and any A G G, 




(10.2) 



wt(a;)=A 



Note that in both equations, only the left-hand side (supposedly) depends 
on the specific A inside an "5"-set" . 
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Proof. 

(1) We first show that 7 takes "edges" in S\{X) to "edges" in 5^ (7(A)). 
Take any y £ Y such that A = Aj^ (such a y exists, by Remark 
IS.ip . Now consider the Verma module Z{y). For all Vy(^x ) = 7^Ay G 
My, we have the A-Verma module Z^(7(Ay)) = B-V-^f^Xyy Now use 
Remark |7. II to observe that V/i(^) is a subquotient of Za{X) C ^(y) 
if and only if Va{i{ij)) is a subquotient of Z^(7(A)). (We note that 

€ Za{X) is maximal if and only if so is 7^^, by Lemma ETJ) 
The proof is similar if [Za{ij) '■ Va(A)] > 0: start with y £ Y so 
that /U = Xy. Applying transitivity, we conclude that 7(5'^(A)) C 
5^ (7(A)). Replacing 7 by 7"^ and A = A^ by 7(A), we get: 

S\W = 7'H7{S\{X))) C 7^HS\{J{X))) C 5i(7-n7(A))) = 5i(A). 

This proves the result for (S3). The other two subparts now follow, 
by using this subpart and Lemma l2.lt 

7(5l(A)) = 7(vr(5i(A))) = 7r(7(5i(A))) = 7r(Si(7(A))) = S\{jiX)), 
7(5i(A)) = 7(5i(A)^^) = 5i(7(A))^^W = 5i(7(A)). 

(2) We show this in two parts. 

(a) It is clear that wt"^(S'^(A)) = S'r(x) if A^; = A. Next, if A^ £ 
r(A), then we claim that S^{x) C wt-^(r(S'^(A))): 

First, Xp(^^) = X^ € S^iX:,) Vx. Next, if [Z{x) : V{x')] > 0, 
then using the structure of V{x'), Z{x), we see that Va{Xx') is a 
subquotient of a direct sum of some ZA{'y{Xx))^s. By the previ- 
ous part, Lemma flO.H and Proposition llO.H A^^' € S'^(7(Aa;)) = 
7(S'^(A^)). Hence A^;' G r(5^(AxO), ^'^d by symmetry and tran- 
sitivity, the claim is proved. 

(b) We now show that wt-i(r(5^(A))) C Uwt(x)=A -^^C^)- I^e- 
call the graph structure on G, under which 5^ (A) is a con- 
nected component. We now prove this inclusion by induction 
on d{—,X), where d(— , — ) is the graph distance function (and A 
is the distinguished weight in the statement). 

In what follows, A^ will denote some element of 5*^ (A) such 
that d{Xk,X) = k > 0. (This is well-defined, since 7 : 5'^(A) 
5^ (7(A)) "takes edges to edges" by the previous part.) 
The result is clear for A; = 0, since Aq = A. Now suppose that 
it holds for all A^ (for some fixed k > 0). Given A^+i G ^^(A), 
we know there exists a Xk connected to it by an edge. Suppose 
[Z(Afc+i) : l^(Ajfc)] > (the proof of the other case is simi- 
lar). Choose any Xk+i G wt~^(Afc+i); then by Proposition llO.il 
there exists Xk G wt~^(Afc) C [j^^^^-j^^ (x) (by the induc- 
tion hypothesis), such that [Z{xk+i) : l^(x/fc)] > 0. But then 
^^fc+i G Uwt(x)=A '^^(^) well, and we are done by induction. 
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(3) By equation (fHUl) . Uwt{a;)=A wtlS'^lx)) = r(S'^(A)). To prove equa- 
tion (110.2P for n = 2, apply vr to both sides and use Lemma l2.1[ To 
prove the equation for n = 1, first intersect both sides with G-^, 
and then apply vr. We are then done, if we note that 

■wt{x)=X wt(x)=X 

□ 

We now collect our results relating the Conditions (S) for A and A xT. 

Theorem 10.1. Suppose A Xi T is a skew group ring over an RTA. 

(1) The various Conditions (S) satisfy: {S3) =^ (52) ^ {SI). 

(2) Suppose k is algebraically closed whenever \T\ > 1. Then ^ xi T 
satisfies each of the Conditions (S1),(S2),(S3), if and only if A does. 

(3) If Condition (SI) holds, then O is finite length. 

(4) If O is finite length, then it splits into a direct sum of blocks. 

Note that semisimple Lie algebras and quantum groups satisfy Condition 
(S4) (as seen earlier), hence all the Conditions (S) as well - and hence if k 
is algebraically closed of characteristic zero, then their wreath products also 
satisfy all the Conditions (S). (We relate Condition (S4) across the various 
setups, in Section [TTl) 

Proof. The first part is by definition, and the last part follows from Propo- 
sition 19.41 The second part follows from equations (110. Ih and ()10.2p , and 
Theorem 15. 11 because (if k is algebraically closed,) wt is a finite-to-one map. 

We now abuse notation (using the freeness of the action *) to write A— A' = 
9 when 9 * X' = A, and use that vr intertwines the ^-actions on G and Go- 
Now given x E X, a submodule (or a maximal vector) in Z{x) of restricted 
highest weight Ao(7^ 7r(7(Aa;))) € Gq occurs only if Aq = '^'{Xx') for some 
x' < X in S^{x). This yields: 

lA>^r{Z{x)) < ^ p(Ao - 7r(A^)), 

XeS'^ix) 

where p is the Kostant partition function : G — > Z^O) defined by p{9) := 
dimk{B^)0. But this summation is a finite sum by assumption, and each 
summand is finite by regularity of A; now use Proposition 19.21 □ 

11. Central characters 

Next, we discuss the notion of central characters, as in |BGGj - but over 
skew group rings now. All but the last subsection are general; the last 
focusses on Rg = Snlii-Q. 
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11.1. Central characters for skew group rings. We start with a few 
definitions. Given a skew group ring A ><i T over an RTA A (satisfying 
Standing Assumptions 12.11 16. ip . recall the triangular decomposition A = 
B-^H ®B^, the augmentation ideals N± of B±, and the (possibly infinite) 
sets ^^(A) for each A G G, defined above. 

Definition 11.1. To start with, denote the center of A x F by Z. 

(1) The Harish- Chandra projection is ^ := (8) id^e'^ : A = B^ ® H ^ 
Bj^ H (see Proposition 12. ip . 

(2) Given A € G, the subgroups T-^^jT-^i^^) of T are defined to be: := 
{7 € r : 7(A) = A}, r^iW := fl^.^i (a) 

(3) Given A G G, the central character xx is the map : ^4 xi F ^ kT, 
defined as follows: given r = "^y^j- a-yj with € A, define xa('') := 
E7Gr^ A(e(a^))7- 

This definition is motivated by the fact that in [BGGj (where |F[ = 1), 
the center acts via such characters on (maximal vectors in) objects in O. 

Lemma 11.1. If v\ is a maximal vector (i.e., N^vx = 0) of weight A in 
any A xi T-module M, then zv\ = x\{z)vx in M , for all z = z^7 in Z . 

Proof. Since each is maximal, hence writing = n-y © ft-y © ^{z^) (with 
G ANj^, b-y € N^H), we get that kills 'yvx, and b^^vx has no A- weight 
component, by Lemma l6. II Hence: 

ZVX = ^({z-yhvx = ^j{X){^{Zy))jVx. 

7er 7er 

This is because if vx € Mx for any A xi F-module M, then we claim that 
zvx G Mx as well: for any h € H, we have h ■ zvx = z ■ hvx = \{h)zvx- Thus, 
the above summation only runs over 7 € F'^, so we have 

zvx = ^ \{i{z^))-ivx = X\{z)v\- (11-1) 
7Gr^ 

□ 

We now explore properties of central characters. The first result is that 
they are compatible with the F-action, in the following sense: 

Proposition 11.1. Given r G A xi F, A G G, /3 G F, we have 

X/3(A)(r)=/3XA(r'(r))r'. 
Proof. Suppose r = Yl-yi^r '^■yli with ^ A V7. Then 

Xp(X){r)= {m,aa,)h= (^'e(/3-'(a7)))7, 
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where the second equahty holds because 7(C(«)) = C(7('3^)) ah a G A, 7 G 
r (since Ad 7 preserves N±). Therefore 

=r'. ^ A(e(r'(a^)))7-/3 = r'x;3(A)W/3 

using the above equation. □ 

Next, we show that at least on the center, central characters have very 
few nonzero components: 

Proposition 11.2. Fix A G G. If "f ^ T^a^^\ and z = -^77 ^-^ ^'^y 
central element, then \{^{z^)) = 0. 

Proof. Consider equation (jll.ip . with kT ■ vx = My, where y = Ind^^^ k^; 
thus diniyfcy = |r|. If [.^a(A) : Va(/x)] > for some ^ £ G, then there is 
a maximal vector = bvx in Z{y) = x T)vx, for some weight vector 
b G (e.g., by Proposition 110. ip . We now compute using equation (jll.ip . 
for each z € Z: 

X] -^(^(^7))^ • 7^^A = bzvx = zvf,= X fi{^{z^))j{b) ■ jvx. (11.2) 

By the triangular decomposition, the coefficient of 'yvx vanishes if 7 ^ F'^nr'^ 
(or 7(6) ^ k^b). Now apply symmetry and transitivity to get the result. □ 

The above proof does not use the information about 7(6) ^ k^b; however, 
we will use it presently. 

The main result in this subsection relates central characters to simple 
subquotients of Verma modules. 

Theorem 11.1. Z = ^{A xi F) as above. 

(1) For all A G G, x\ ^^'^ algebra map : Z ^ kV. 

(2) To each X G G is associated a subgroup Tx ofT^A^'^^ such that 

• Xxiz) = T.jer^ A(C(z7))7 = Yl^ 2^7 G Z; 
mTx=Tfj_iffi£ S\{X); and 

• given ji G <S'^(A), xa o.iT'd Xfi ^''e related (on Z) via a character 
ex,^, ofTx: Xia^^)) = ^A,M(7)/^(e(%)) V7 G rA,z G Z. 

Proof. To show the first part, choose any z,z' G Z and y = Ind^^^ k^. 
Then in the Verma module Z{y) = (A xi T)vx, by Lemma lll.ll 

xa(^;^;')^a = xa(^;'^;)^^a = z'zvx = z'xx{z)vx = xx{z) ■ z'vx = xx{z)xx{z')vx, 

because z' is central. The statement now follows, since y is the regular 
representation of T (as a F-module). 
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For the second part, we continue beyond the proof of Proposition 111.21 
Thus, xa(-z) = J2 gps3 (A) '^('?('27))7) a-nd the "improved" equation (jll.2p 

suggests that A(^(z^)) = if 7(6) ^ k^b. Moreover, A(^(z^)) = if and only 
if ^(^(27)) = 0. Now denote Ta,^ := {7 G V^^W ; ^(ft) ^ k^'b for all b such 
that bvx E Z{y)n is maximal}, and := H Fj^/ ,^// for each v' > u" in ^^(A) 
with [Za{i^') '■ VAii^")] > (though a more suitable name would be Fgs (_,^^). 
The first two sub-parts are now obvious, and by transitivity in S'^(A), it 
suffices to show the last sub-part when [Za{^) '■ > 0. But since Fa 

acts on -b, this yields a character 9x,^ of Fa; now look at equation (|11.2p 
again, and we are done. □ 

Corollary 11.1. If X e , then XX is an algebra map : Z '5{kT). 

Proof. Use Proposition 111.11 and the first part of Theorem lll.li □ 

II. 2. Another block decomposition. We now show a block decomposi- 
tion of O using central characters, under some extra assumptions. 

Theorem 11.2. 

(1) Suppose k is algebraically closed if \T\ > 1. Then Z acts on Verma 
modules Z[x) (for x & X) via a central character, i.e., an algebra 
map : Z k, say Xx- Then Xx = Xx^ = X-y{X,) on Z n vl V7 G F. 

(2) Now suppose that Z acts on every Z{x) via an algebra map 9^ : Z ^ 
k. Then O = ®^(zqO{v), where v runs over all distinct elements 
from among {6x ■ x € X} C }iomk-aig{Z,k) (call this set @), and 
0{v) is the full subcategory {M € O : € M,z e Z, 3n & 
N such that {z - z^(z))"' • m = 0}. 

Proof. The first part follows from Propositions 18.31 and [TlH since Mx{c 
Z(x)) is Schurian and any z G Z is an endomorphism of M^. For the second 
part, we use the following result: 

Lemma 11.2. Given v ^ f' inQ, M ^ 0{v'), and z ^ ker(z^ — z^'), the map 
(p := z — iy{z) is an A x T-module isomorphism on M . 

To see why, note that = c + s, where s = z — v'iz) is locally nilpotent on 
M, and c = ^'{z) — i'{z) G k^ . Hence ip is invertible. 

Given M € O, Proposition 19.11 implies (together with the first part) that 
there exist Vi ^ Q and G N such that 11^=1 (-^ ~ kills all of M, 

for all z ^ Z. Now define M{v) := {m G M : Vz G Z, 3n G N such 
that {z — v[z))'^m = 0}. Then this is an ^ x F-submodule. Using Lemma 

III. 21 it is easy to see that each 0{v) is closed in ^ xi F — Mod under taking 
submodules, quotients, and extensions, and all maps between distinct blocks 
are trivial. So if we show that M = M{v), then each M{v) is a quotient 
of M G O, hence also in O, hence in 0{v), and we will be done. To do this, 
we need the following standard lemma from commutative algebra. 
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Lemma 11.3. If {mi : I < i < s} are distinct maximal ideals in Z for some 
s > 1, then J2i (rij^i^j^ = ^ for all n>l. 

Use the lemma to write 1 e Z as 1 = Yli=i''~i^ with G (^rij^i^^^^i) 
and n = maxj rii (s, Ui, Ui as above). Then any m (z M equals Y^- rim, with 
r^m € M{vi). This shows that M is the sum of its components. 

Finally, this sum is direct, for suppose 'Yj\=i ^i = for some / > 1, with 
rui G M{ui) for each i. If i < /, pick Zi ^ ker(^'j — vi), and G N such that 
{zi — Vi{zi))'"-'- kills mj. Then nj<«(^j ~ ^ii^i))"'^ kills mi, . . . , m/_i, whereas 
by Lemma [11. 21 it is an isomorphism on {A xi T)mi C M{vi). Hence mi = 0, 
and by induction on the other m^'s vanish as well. □ 

11.3. The Conditions (S), linking, and central characters. We now 

describe and relate different types of block decompositions. We need some 
definitions. We note that is possible to obtain a block decomposition of O 
using any of these sets. 

Definition 11.2. 

(1) Define CC{x) = S^{x) to be the set of simple objects {x' G X : 

Xx' =Xx}- 

(2) Condition (S4) holds for A x F, if all sets S^{x) are finite. 

(3) We say that two indecomposable A-modules M, N are linked if 
Homyix,r(M, A'') / 0. Let the equivalence closure of M under such a 
relation be denoted by [M]. 

(4) Define T(x) to be the equivalence closure of x in X, under the rela- 
tions: X Fix) and x — > a;' if V{x') G 

(Note that we need the "intermediate modules" between linked modules 
to be indecomposable, otherwise any two modules are linked via: M — > 
M(BN — > N.) Also recall 5r(x), wt from Proposition [1021 We now compare 
these sets, and also mention a sufficient condition when the center is "nice" 
(this does indeed hold for wreath products). 

Proposition 11.3. 

(1) Given a skew group ring A xiT, and A G G, 7 G P, 

7(CCa(A)) = 7(5l(A)) = 5l(7(A)) = CCAiliX)). 

(2) 3(^ X P) n A = 3(^)'^, and given A G G, 

{l^eG-.xx^Xi. on 3(A)r} = P(5l(A)). 

(3) Suppose A is an integral domain, and each 7 ^ 1 G P nontrivially 
permutes the restricted (i.e., Go-)weight spaces of A. Then 3(^ xi 
P) =3(^)^ = er3(^)er. 

Now suppose that k is algebraically closed ifV is nontrivial. 
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(4) Then we have: 

S^{x) C T{x)nSr{x) 

T{x) C S\x) ifZ = ^{Af, 

wt-\T{S\{X))) D U ^'(^)- 

wt(a;)=A 

(5) Condition (S4) holds for AxiT if it holds for A. If 3 {A y<T) = Z = 
3(^4)'", then the converse is also true, since 

S\x) = wt-\T{S\{X^))) Vx € X. (11.3) 

Moreover, (54) (S'S) in this case. 

Note that one of the parts imphes that xx = Ao^ VA, and if k is algebraically 
closed, then Xx = XXx — ^Xx Vx G X (see Theorem 1 11.2p . 

Proof. 

(1) If we prove: C7Ca(7(A)) D j{CCa{X)) V7, A, then 
7(CCa(A)) = 7(CCa(7"H7(A)))) D 7(7^'(CCa(7(A)))) = CCa(7(A)), 

thereby proving the reverse inclusion. To show the original inclusion, 
use Proposition lll.il If /i € CCa(A), then 

X-r^i^) = lX,i{zh~^ = 7Xa(2)7"^ = X'rix){z) 
for any central z £ Z, whence ^(fi) € CCa(7(A)). 

(2) First, z £ A commutes with A and with F if and only if z S 3(^)'"- 
Next, we prove both inclusions: if /U € S\{X) and 7 G F, then 
X7(^) ^X/i^Xx on 3{A)^. 

For the reverse inclusion, take any fj, ^ F(CCa(A)); we will show 
that 7^ Xx on 3(^)'"- Since F is finite, enumerate the distinct cen- 
tral characters for A associated to F(CCa(/^)) JJ T{CCa{X)) (equiv- 
alently from above, F(A) ]J F(^)), as {x/^, Xii • • • > Xi}- (In particular, 
Xx = Xi for some i, and so is X7{/i) for all 7(^) ^ CCa(^)-) 

Now, ker is a maximal ideal in 3(^), different from each ker Xi; 
this allows us to choose Zi G 3(^) such that Xii^i) = 7^ Xni^i)- 
Hence z' = Yl - Zi satisfies: Xi{^') = Vi, Xni^') 7^ 0. 
Finally, define z := J2^erli^') ^ ^i^f- Then ii u e G, 

xu{z) = Y,xu{i{z')) = Y,m7iz'))) = Y.^-\mz'))) = Ex7h(^'), 

777 7 

so that from above, xx{z) = '^^X'y{x)iz') = 0. On the other hand, 
X/i(-z) is a sum of zeroes and some (positive) number of XfM{z')^s, 
which is nonzero (since char(/c) = if |F| > 1). Hence x^l Xx on 
3(^)^ if /i ^ T{CCa{X)), as claimed. 
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(3) The second equality comes from Lemma 111.41 We now prove both 
inclusions for the first equality. Clearly, 3(^)'" C Z, and conversely, 
let us claim 

Claim. Z CA. 

(If this holds, then Z = 3(^)'" by the previous part.) It remains to 
show the claim. Suppose z = Yl-yi^v -^77 ^ -^j "^itli € A V7. Given 
7 7^ 1, we have to show that z^ = 0; now choose any A G ZA with 
7(A) ^ A and Ax + 0, and fix / G Ax- Then 

^ aA%7 = = zax = ^ z^7(aA)7- 

7 7 

We now assume z^ ^ 0, and obtain a contradiction. Assume that 
z^ = aQ^ ® ■ ■ ■ ® for some weight vectors 7^ ag^ G Ag^ (with 
pairwise distinct weights 6j G G). Then axag- is nonzero (since A is 
an integral domain) and in ^A+7r(6»j); where all (restricted) weights 
are in the abelian group ZA, by the RTA axioms. Similarly, 7^ 
aojliax) G A^(^x)+7t{9,)- 

So if axz = zax, then comparing the coefficient of 7 on both sides, 
the sets of weights on both sides must be the same, whence their sum 
is the same. Hence Ylj '^{(^j) + ^A = ir^Oj) + or IX = /7(A), 

whence (in ZA) A = 7(A), a contradiction. 

(4) We first show that if [Z{x) : V{x')] > 0, then x and x' are linked. But 
this is clear, since Z{x) is indecomposable: choose some N d M d 
Z{x) such that M is indecomposable, and M/N = V{x'). (This is 
possible by Lemma 110.11 ) We now have V{x') ^ M ^ Z[x) 
V{x), so X and x' are linked. This proves that S'^(x) C T{x). 

Next, that S'^(x) C 5'r(x), follows from Proposition 110. 2[ 
It thus remains to show that T{x) C S'^(x). To see this, use 
Theorem HO] again: od. Z d A, Xx = Xa, = X\f(:.) = Xf{x), so 
-F(x) G S^{x) Vx. Otherwise if x,x' are linked through a chain of 
indecomposable objects in O, then there exists a unique "central 
character block" 0{i'), that contains all these objects. In particular, 
since z — i'{z) kills all simple objects in such a block, we are done. 

Finally, we prove the third inclusion. Given x' G S'^{x) and A = 
Xx, we note that Xx = Xx' on 3(^ x T) = Z. Hence on Z n A, using 
Theorem 1 11. 21 we get: xk = Xx = Xx' = X\^n whence by a previous 
part, Xx' G r(S'^(Aa,)), as desired. 

(5) li Z C A, then by the previous part, S'^(x) C T{x) C S^{x). Next, 
if A satisfies (S4), then so does j4 xi F by the previous part again, 
using Theorem 15.11 We now only need to prove that if Z C A, then 
equation ()11.3p holds. But if /i G S\{Xx) and x' G wt~^(/i), then 
X-y{fi) =X^i = X\ on 3(^4)'^. Now use Theorem [lL2l thus, Xx' = Xx 
on Z - so x' £ 5^(x). 
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□ 

11.4. Central characters for wreath products. Finally, we come to the 
case of Rg = SnliiQ for g a complex semisimple Lie algebra. The main result 
that we prove here helps prove Proposition 14.21 

Theorem 11.3. Let A yi T = (ilg)®" x 5„ = i?g (over k = C). 

(1) The center of is (3(H0)'^")'^" ^ C[Xi, X^s], with s = dime f). 

(2) The center acts by the same central character on two simple objects 
V{x), V{x') € O, if and only if G Sn{W^ • A^/). 

(3) The sets of central characters of A and A yi T are in bisection with 

•) and (f)*)®"/(5'„ ? W, •) respectively. Every central 
character comes from a Verma module. 

In particular, we obtain a central character block decomposition, by Theo- 
rem 111.21 above. The rest of this section is devoted to proving the theorem. 

Definition 11.3. Given A G G, define CCa{X) := S\{\) = {fi G : fio^ = 
Ao^ on3(^)}. 

Lemma 11.4. We work over any fixed ground field k. 

(1) Suppose a finite group T acts by algebra automorphisms on a k- 
algebra A (here, \T\ G k^ ). Then the fixed point algebra Al' is iso- 
morphic to the spherical subalgebra erAer as subalgebras of A y\ T, 
where er := Y.-yer^- 

(2) If Ai, . . . ,An are k-algebras, then '5{<^iAi) = (^i'i{Ai). 

(3) If Ai, . . . , An are RTAs, and Aj G Gi are weights, then xx = (^liXXi 
on 3(^), and CCa(A) = XiCGAiiK), where A = (Ai, . . . , A„). 

Proof. 

(1) The map : A^ — > erAer {a i—>- eroer) is a A;-algebra isomorphism. 

(2) One inclusion is clear; the proof of the other is by induction on 
n, and the only (possibly) nontrivial step is to show it for n = 2. 
Given /c-algebras A,B, suppose z = Yli^^i ^« is central, with the 
6j's linearly independent in B. Choose any a G A; then az = za 
implies that all a^'s are central, whence z G 3(^) ® B. Now write 
z = Ylij a'j (Si b'j , where the a'^ 's are now linearly independent in 3 {A) . 
Then bz = zb for all 6 G -B implies that the 6^'s are all central in B. 

(3) The statements make sense because of the previous part. It is easy 
to show that the Harish-Chandra maps on Ai and ^ on ^ satisfy: 

= (extended by linearity). The first part now follows. 
One inclusion for the second part follows from the first part here; 
for the other, by the previous part of this lemma, it suffices to start 
with nr=i Xx.izi) = nr=i X^l,izi) aH i, Zi G 3(^i)- Now fix i and 
set Zj = 1 for all j ^ i; thus G CGAii\) Vi. 

□ 
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It is not hard now, to compute the center of Rg = Snl ilg, or the corre- 
sponding blocks. We can now prove the main result in this subsection. 

Proof of Theorem \11.3l 

(1) The first claim follows from Lemma 111.41 Proposition 111.3] and the 
following two classical results from Lie theory (s = dime ^ here): 

(a) 3(H0) ^C[Xi,...,Xs] (see [Eil Theorem 7.3.8]). 

(b) If G is a finite group acting on a finitely generated polynomial 
algebra C[Xi, . . . , Xi] via reflections, then C[Xi, . . . , Xi]'^ = 
C[Yi,...,Yi] (Chevalley's Theorem; see [Chi]). 

Applying these results (with G = Sn), the first part follows. 

(2) By Harish-Chandra's Theorem, (CCug(A) = IVg^A. Now by Lemma 
111.41 ) CC(j^g)»n(Ai, . . . , A„) = • (Ai, . . . , A„). We are now done 
by Proposition 111.31 (and the previous part). 

(3) The only part not done above, involves computing all central char- 
acters of j4 X r (and not merely those in the Category O) - note that 
the result itself implies that every central character corresponds to 
some object in O. This remaining part follows from a special case 
of the Nagata-Mumford Theorem (see e.g., [Muk[ Theorem 5.3]). 

□ 

Finally, we present the proof of an earlier, unproved result: 

Proof of Proposition \4-S\ All but the first part (and that O is finite length) 
were shown in this section. However, by Harish-Chandra's theorem, Hg 
satisfies all the Conditions (S). Thus, we are done by Theorem l4.2i Moreover, 
that itg*^"" = 11(0®") is of finite representation type, is well-known. 

Now consider a finite-dimensional simple -Rg-module; it is also a finite- 
dimensional ilg^^-module, hence is in Or^. So let us denote it by V{x)] 
say d\mV{x) = d. Now by Corollary 17.11 d\m.VA{\x)\d-, and there are only 
finitely many such Xx^s. We are now done by Theorem 15.11 □ 

12. Each block is a highest weight category 

We now show that each block 0{x) has enough projectives, and is a 
highest weight category, under some Condition (S). The following result (see 
[Don! (Al)]) will be useful shortly; the proof is similar to [Khl^ Theorem 3]. 

Proposition 12.1. 

(1) //ExtJ,(Z(a;),M) or ExtJ,(M, F(Z(x))) is nonzero for M G O and 
X G X, then M has a composition factor V{x') with x' > x. 

(2) If X and F{Y) have simple Verma flags, then 'Ext^{X,Y) = 0, and 

dimfc(HomA(X,y)) =Y,[X: Z{x)][Y : F(Z(F(x)))] dim^ EndA>,r ^(x). 



FUNCTORIALITY OF THE BGG CATEGORY O 



33 



Given x £ X, we now define O-^ (or O"^^) to be the subcategory of 
objects G O, so that all simple subquotients of are of the form V{x') 
for x' < X (or x' < x respectively). Given x,x' € X, define 0{x')-^ := 
0{x')nO^^, and similarly, 0{x')<'' - so Z{x) G ©(x)^^ and Y{x) G C'(x)<^. 

We first show that enough projectives exist in O. 

Lemma 12.1. If AyiT satisfies Condition (SI), then Z{x) is the projective 
cover ofV{x) in 0{x)-^ . 

Proof. We know that 0(a;)^^ C 0{\^,l), so by Proposition EH Z{x) = 
P{x, 1) is projective here. Moreover, Z(x) is indecomposable, with radical 
Y{x). The usual Fitting Lemma arguments now complete the proof. □ 

Proposition 12.2. // A x P satisfies Condition (S2), then each 0{x) has 
enough projectives. If A xiT satisfies Condition (S3), then each block 0{x) 
is equivalent to the category (Mod— i?)-^^ of finitely generated right modules 
over a finite- dimensional k-algebra B = B^. 

Proof. The proof of the first part uses the x-component in the (block) de- 
composition of some P{y, I), as in [BGGj . The second part uses the existence 
of progenerators and the usual Fitting lemma arguments, as in [Khlj . □ 

Let us denote the projective cover of V{x) by P{x). 

Proposition 12.3. For all x £ X and M G O, we have 

Homo(P(x),y(a;')) = Endo F(a;), 

dimfc(Homo(P(x), M)) = [M : V{x)] dim^ End^ V{x). 

Proof. Both sides of the second equation are additive in M, over short exact 
sequences. This reduces it to the case M = F(x'), i.e., the previous equation, 
which holds by general properties of projective covers. □ 

To show that each block 0{x) is a highest weight category (see |CPS] for 
the definition), we need a result from |BGGj : its proof is also valid here. 

Proposition 12.4. Recall what a p- filtration means, in Definition \6.1\ above. 

(1) If M £ O has a p-filtration, and x €z X is maximal (minimal) in the 
set of Verma subquotients Z{x) of M , then M has a submodule (quo- 
tient) Z{x), and the quotient (kernel of the quotient, respectively) has 
a simple Verma flag. 

(2) Given Mi, M2 G O, M = Mi © M2 has a p-filtration if and only if 
each of Mi and M2 has a simple Verma flag. 

Corollary 12.1. // A x F satisfies Condition (S2), then every P{x) has a 
p-filtration, with one subquotient (the "first" one) Z{x), and all others Z{x') 
for some x' > x. 

Proof. This is because each P{x, I) (see Proposition [9T]) has a simple Verma 
flag, with one subquotient Z{x), and every other subquotient Z{x') for some 



34 APOORVA KHARE 

x' > X. Now use Propositions 112.^ I9.H and 112.31 as in [Khll Theorem 6]. 
That Z{x) is the "highest" subquotient is as in Proposition 112.41 (or from 
[M (A3.1)(i)]). □ 

Theorem 12.1. Each block 0{x) is a highest weight category if A yi T 
satisfies Condition (S3). 

Proof. We need Condition (S3) to ensure that the set of simple objects is 
"interval-finite" with respect to the partial order. We are now done by 
Corollary [mi □ 

13. BOG Reciprocity and the (symmetric) Cartan matrix 

Standing Assumption 13.1. For this section, A yd T satisfies Condition 
(S3), and if T is nontrivial, we require that k is algebraically closed. 

Definition 13.1. Fix a block 0{x), and order S'^(x) such that Xi > Xj 
i < j. We then define the 

• decomposition matrix by: {Dx)ij ■= [Z{xi) : V{xj)]. 

• duality matrix by: {Fx)ij := Sx^^f{x )- 

• Cartan matrix Cx by: {Cx)ij ■= [Pixi) '■ V{xj)]. 

• modified Cartan matrix C'x by: (C^)jj := [P{xi) : V{F{xj))]. 

Note that the duality functor F does not preserve each V{x), so the 
"usual" notion of the Cartan matrix is not symmetric, as in the classical 
case of Hq. However, a variant is. 

Proposition 13.1 (BGG Reciprocity). For all x,x' G X, we have 

[Fix') : Z{x)] = [Z(F(x)) : V{Fix'))] (13.1) 

and hence C'^ is symmetric; more precisely, C'^ = FxD^ F^DxFx. 

As a consequence, |GKl Theorem 9.1] holds, reconciling various notions of 
block decomposition; in particular, S^{x) = T{x) (recall Pr op osition 1 1 1 . 3] ) . 

Proof. Proposition 18.31 implies that V{x) is Schurian now, for all x. Hence 
using Propositions 112.11 and 112.31 we get that 

[P{x') : Z{x)] = ^iuik^omo{P{x),F{Z{F{x)))) = [F{Z{F{x))) -.Vix')] 
= [Z{F{x)) : F{V{x'))] = [Z{F{x)) : V{F{x'))]. 

The second part is also standard, say, from the following results. □ 

Proposition 13.2. Let Grotp be the Grothendieck group of a category T>. 

(1) Groto = ®Gvoio(x)- 

(2) Fx is symmetric and has order at most two. 

(3) Cx = FxD^FxDx- In particular, i/F = 1 then Cx is symmetric. 

(4) Each of the following sets is a Z-basis for Groto; 

{[V{x)] -.xex}, {[z{x)] -.xex}, {[P{x)] -.xex}. 
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Proof. The first and last part are standard in a highest weight category; 
the second part holds because F{F{V{x))) = V{x) Vx; and the third part 
follows from equation (|13.ip above. □ 

14. The second setup - tensor products 

We now look at the representation theory of tensor products of skew group 
rings over regular triangular algebras. More precisely, we relate the category 
O over such a product, to the respective categories Oi over each factor. 

14.1. Notation. Fix n S N. We fix skew group rings Ai xi Fj over RTAs Ai, 
that satisfy the standing assumptions 12.11 and 16.11 Then (mentioned above) 
so does Ay<\T := ^^^i{Ai xi Fj), where A = ^iAi, F = x^Fj, and G = XjGj. 

14.2. Duality and tensor product decomposition. We first mention 
some exact functors on tensor products of Oj's. For this subsection, we 
work with the setup mentioned in Section [8] (on duality) above: we have as- 
sociative A;-algebras A'j, each containing a unital A;-subalgebra Hj] moreover, 
there exist anti-involutions i,- of each A'-, that extend ido-'. 

We can now define A' = <^jA'j, and similarly, H',i, and the Harish- 
Chandra categories Ti'j and H' D 'S'j'H'j. Objects in these categories all have 
"formal characters" , and the (restricted) duality functor F operates on each 
of these categories. The following is now standard. 

Proposition 14.1. Fix Vj E H'j for all j, and fix 1 < i < n. 

(1) F{^jVj) ^ ^jF{Vj), and ch^^Vj = Uj^W,- 

(2) The functor Tv : TC' , sending an A'--module M to the A'- 
module Tv(M) := {'Sij<iVj) (g) M (g) {'S'j>iVj), is exact. 

(3) As A'--modules, Tv(M) is a direct sum of copies of M; more pre- 
cisely, Tv(M) = M ®W, for the vector space W = ®j^iVj. 

We now apply this in our setup. Define the Harish-Chandra and BGG 
Categories Ti (or Tii) and O (or Oi) respectively, for ^ xi F D if (or xi Fj D 
Hi respectively). Then the above result holds. 

Corollary 14.1. If ®iVi{xi) = ^iVi{x'j) for Xi,x'- G Xi for all i, then 
Xi = x\ Vz. Moreover, if y = ®iyi, then Z{y) = (^iZi{yi). 

Proof. For the first part, apply Proposition 114. Il to both sides (having first 
fixed an i). Thus, the left side is a direct sum of copies of Vi{xi), and 
similarly for the other side. Now apply Lemma llO.ll (for R = Aiy\ Fj); thus 
Vi{xi) = Vi{x[) is the only simple summand on both sides, and we are done. 

For the second part, we note that Xjl^ C Y , so if we define y as above, 
then Z{y) ®iZi{yi) — > 0. Moreover, properties of induction functors 
(and the triangular decomposition) imply that we can compare their formal 
characters: 

cllZ(y) = chB_ Chy = ch^^B,,_ Ch^.y, = H^^^^.- ^^V^ =11^^^^^^)' 

i i 
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whence the two must be isomorphic. □ 

15. Complete reducibility 

We now show that all notions of complete reducibihty (i.e., in the four 
setups at the start, and always only for finite-dimensional objects in O) are 
equivalent. We need a small result first, since two of the parts below are 
similar. For this section, we do not need k to be algebraically closed. 

Proposition 15.1. Suppose A' and A are RTAs, and AyiT is a skew group 
ring satisfying the Standing Assumptions \2J\ and \6.1\ Also say there is a 
finite- dimensional vector space U and ^ u (z U , such that 

(1) T : M ^ U ®k M is an exact covariant functor : Oa' — ^ ^AxiF- 

(2) Ifv^' has highest weight in the A'-Verma module Za'{i^'), then v^i(^u 
has highest weight in T(Z^/(;u')), which is also standard cyclic. 

(3) The map: —®u takes weight spaces to weight spaces, and the induced 
map : Ga> — > Ga is compatible with the partial orders on Ga> , Ga ■ 

Then if complete reducibility holds for finite- dimensional modules in OaxP? 
the same holds in Oa'- 

Proof. We will show that every short exact sequence between simple finite- 
dimensional objects — > V{\') — > y — > — > in Oa' splits. Now 
assume that there is some such nonsplit sequence. We may assume (using 
Proposition 19.31 with |r| = 1, and) using the duality functor F if necessary, 
that n' > X'. Then V is standard cyclic; say v^i spans its /i'-weight space. 

Now apply T to the sequence; by assumption, we get a short exact se- 
quence in OaxiT, and each object is finite-dimensional since U is. On the one 
hand, T{V) is standard cyclic, and generated by v^' ® u (by assumption). 
On the other hand, the short exact sequence in OaxF splits, and by assump- 
tion, Vfj^i u has higher weight than the weights for T(V{X')) - whence it 
must lie in the complement to T{V{X')). In particular, it cannot generate 
the entire module T{V), a contradiction. □ 

We now prove the equivalence of complete reducibility in the four setups 
(we do this in two stages). We assume that all these setups involve (skew 
group rings over) RTAs, satisfying Standing Assumptions 12.11 and 16. H but 
not necessarily any of the Conditions (S). 

Theorem 15.1. Given such a skew group ring ^ xi P, complete reducibility 
holds (for finite- dimensional modules) in Oa C vl-mod, if and only if it 
holds in OaxiF- 

Proof. Pirst note that the existence of finite-dimensional (simple) modules in 
Oa and in OaxiF is equivalent, by Theorems 15.11 and 17.11 Now suppose that 
complete reducibility holds in Oa- Apply Proposition 13. II (using Lemma [3.11 
above), to the abelian subcategories V, T> of iJ-semisimple finite-dimensional 
modules inside Oa,Oa-aV respectively. This proves one implication. 
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Conversely, apply Proposition 115.11 with A' = A,U = kT, u = 1 G [/. 
(Then T = Ind^^'" is exact, and the other assumptions also hold; for in- 
stance, T(Va(A)) = V{y), where y = Indf for A G G.) □ 

Now suppose we are working with skew group rings (as above) Ai x Tj, 
and we define A := ^iAi,T := XjFj. 

Theorem 15.2. Complete reducibility holds in O if and only if it does so 
in all Oi. 

Proof. We point out that we will use previous results, as well as Proposition 
116.21 (below) in the setting |r| = 1. 

We now show the result. First, by Theorem 115. H it is enough to check 
this for |r| = 1. Hence Oi = O^i and O = Oa- Next, the existence of 
finite-dimensional modules in O is equivalent to that in Oi for all i; this 
follows from Proposition 116.2] (when jr[ = 1). 

Therefore we now assume that there exist finite-dimensional modules in 
each Oi (and in O). Suppose complete reducibility holds in each Oj, and 
we have a non-split short exact sequence — >■ V{X) V ^ ^(/^) ~^ 
of finite-dimensional modules (i.e., an indecomposable module of length 2). 
From Proposition 19.31 A > or A < if the sequence does not split; using 
the duality functor F if necessary, assume that X < fi. 

Fix an i such that /ij > A^; now by assumption, the sequence does split 
as finite-dimensional j4j-modules. Suppose V = V{X) © M in Oi. By 
Proposition 19.31 y is a standard cyclic ^-module; say V = Av^. Then 
by i?j-semisimplicity and Proposition 114.11 is in the Hi-weight space 
V^^ = V{X)^^ © M^^ = M^^ (since Aj < m, and using Proposition 116.21 
below, for |r| = 1). But M = V{fi) is a direct sum of copies of Vi{fj,i). 
Hence so is AiV^ C M, and hence also, V = Av^ = (iSijj^iAj) ■ AiV - hence, 
its ^j-submodule V{X) = 0Vi(Ai) (as ^j-modules) as well - and we get a 
contradiction by Lemma llO. 11 

Hence all extensions with A < split, and by duality, so do all extensions 
with X > fi. Thus complete reducibility holds in O. 

Conversely, fix i, and for all j 7^ i, fix simple finite-dimensional modules 
Vj{Xj) G Oj (these exist by above remarks). Define the functor Tv : — > O 
as in Proposition 114. II above: thus, Tv is exact. 

Now apply Proposition 115.11 with A' = Ai, |F| = 1, ^ as above, U = 
iSij^iVj{Xj) (so T = Tv), and u = ®j^iVj^\^, the unique (up to scalars) 
highest weight vector in U. (Note that Tv(Vi(Aj)) = Va(Ai, . . . , A„) by 
Proposition 116.21 again.) □ 

16. Condition (S) for tensor products 

The idea now, is to relate the Categories Oi for x Fj, to O = OaxiF- 
We need to characterize the simple objects in the latter, in terms of those in 
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the former categories. As above, we have the various sets Xi {X) of simple 
Hi XI Ti- (H X T-) modules that are Hi- (respectively H-) semisimple. 

Standing Assumption 16.1. For this section and the next, assume that 
Standing Assumption 14.11 holds. 

Theorem 16.1. X = XjXj. 

The example one should have in mind, is the case [r| = 1; then Xj = Gj = 
iiomk-aig{Hj,k), and X = G = XjGj. Also note that if x € X, then 

Ax = (Axi , • • • , ■^x„ ) € XjGj. 

Proof. For this, we need the following "general" resultQ. 

Proposition 16.1. Let k be an algebraically closed field; all tensor products 
are over k. Let Ri be unital k-algebras for 1 < i < n, and define R := ®iRi. 
If Pi (or P) is the set of (isomorphism classes of) finite- dimensional simple 
modules over Ri (or R, respectively) (for each i), then the map ® : XjPj — > 
R — Mod, taking ([Mi], . . . , [M„]) to [(8>jMj], is a bisection onto P. 

The proof of this result is an exercise in Wedderburn theory, keeping in 
mind that if a simple A-module M is finite-dimensional (over k, where A 
is a A;-algebra), then A acts on M via a subalgebra A' C gl^(M). (So A' is 
Artinian.) Moreover, M is a faithful simple j4'-module - which makes A' a 
simple algebra, hence of the form Endfc(A;'). 

We now prove the theorem. If |r| = 1 then the result is clear, since 
G = XjGj. If not, then k is algebraically closed of characteristic zero, 
by assumption. By Proposition 116. ll we only need to show that if Mx := 
(8>jMa, . , then the M^, . are //j-semisimple if and only if Mx is i?-semisimple. 
The "only if part is clear, and for the "if part, it is not hard to show that 
for each A G G, (Mx)a C (g)i(M^.jA,- Therefore 

Mx = (Mx)a C (g)(M,jA, = (g) (M,Ja, C ®.M,, = Mx 

AeG=XiGi XeG i i Xi<^Gi 

whence all inclusions are equalities, and M^. = ®x,^qXMxJx- Vi. □ 

It is now easy to determine the simple objects in O (and their characters in 
terms of those of the simple objects in Oj): 

Proposition 16.2 ("Weyl Character Formula 2"). V ^ O is simple if and 
only if V = <SiiVi{xi) for some simple Vi{xi) G Oi. (Moreover, chy = 

niChy^(x,)J 

Proof. Fix i. Given Xj £ Xj for all j, V := ^jVjixj) is isomorphic to 
Vi{xi) 0W (as Ai X Fj-modules) by Proposition 114. ll - where W is the vector 
space ®j-/:iVj{xj). In particular, any maximal vector in V generates an 
Ai X Fj-submodule; this submodule must also be a direct sum of copies of 
Vi{xi), whence the vector has ith weight component 7i(Ai) for some 7i G Fj. 



I thank Mitya Boyarchenko for telling me this general result. 
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This holds for every 1 < i < n; thus any maximal vector in V has weight 
7(A), whence it is in ^iMx^ = M^- But Mx is simple by Theorem 116.11 so 
the standard cyclic module 'SijVj{xj) is simple, whence it equals V{x.). 

Thus, the map "if : XjXj — > X (taking {Vi{xi))i to 0iVi{xi)) is surjective. 
By Corollary 114.11 above, ^ is also injective; hence we are done. □ 

Corollary 16.1. F(x) = {F{xj))j inC, andF{V{x)) = (^jF{Vj{xj)) in O. 

Proof. The statement in C follows from Proposition 114.11 ^-iid the other 
equation now follows by using Propositions 116.21 and 18. 2[ □ 

We now relate Condition (S3) for A x F, with the same condition for all 
Ai-ATi. Define the sets S[{xi) C Sfixi) C Xi (and 5'(x) C ^^(x) C X) as 
in Definition 14.11 above. 

Theorem 16.2. 

(1) For each x, Z{^) has finite length if and only if each Zj{xj) does. 

(2) O is finite length if and only if all Oi 's are finite length. 

(3) Given Xj G Xj for all j, S'(x) C XjSj{xj) C S^{x) C XjS^{xj). 

Proof. We will need the following elementary result. 

Lemma 16.1. Given a ring Rj and an Rj-module Mj for each 1 < j < n, 
define R := ®jRj and M := ®jMj. If each Mj has a chain of submodules 
Mj = Mjfi 2 ^j.i 2 ■ ■ ■ 2 ~ 0' then M has a chain of length Y\j Ij, 

with set of subquotients {0j (^Mj^i.^i/Mj^i.^ : 1 < < Ij Vj}. 

(1) If Ij = l{Zj{xj)), then Z(x) has length Yljlj by Lemma 116.11 and 
Proposition 116.21 Conversely, suppose some Z{x) has finite length, 
say n, but some Zi{xi) does not. Then we can construct an arbitrar- 
ily long filtration of Zi{xi), say of length > n. By Lemma ll6.lt this 
gives a filtration of Z{x.) of length larger than n, a contradiction. 

(2) This follows from Proposition 19.21 and the previous part. 

(3) This is done in stages. 

Step 1. We show the first inclusion (and will use it later, to show 
the third inclusion). We are to show that if x' € XjSj{xj), and 
[Z(x') : V{x")] or [Z{x") : V{x')] is nonzero, then x" G XjS'j{xj). 

Suppose [Z(x') : V{x")] > (the proof is similar in the other 
case). Fix i. As Ai x Fj-modules, Z(x') = ^jZj{x'j) (or V{x") = 
'^jVj{Xj)) is isomorphic (by above results) to a direct sum of copies 
of Zi{x[) (or Vi{x'-), respectively). Thus, Vi{x'l) is a subquotient of 
V{x") (as Ai X Fj-modules), hence also of Z{x') = ©Zj(x-). Now 
use Lemma flO. II - so x'- £ S'^{x[) = S'^{xi) (by transitivity) for all i. 

Step 2. Since in a Cartesian product of graphs, the connected 
components are the products of connected components in each fac- 
tor, the second inclusion holds if we show that if x' G 'S'^(x) and 
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x'! 



€ S[{x.i) for some i, then x" 



-1) ■ 



l,X^, . . . , . 



IS 



in 5'^(x). By transitivity, this further reduces to showing the same 
when [Zi{x[) : Vi{x'l)] or [Zi{x'l) : Vi{x[)] is nonzero. 

We show the proof in the second case (the proof in the first case 
is similar). Apply Lemma Il6. II to the chains of submodules 

Mj = Zj{x'j) 2 Yj{x'j) D Vj / i, Mi = Zi{x'l) D M' ^ N' D 0, 

where M'/N' ^ Viix'^}. Then [Z{x") : V{x')] > 0, whence x" G 
^^(x') = ^^(x) (by transitivity). 

Step 3. Finally, the third inclusion follows from Step 1 and Corol- 
lary HSH since XjSj^Xj) is now closed under both operations. 

□ 

Thus, the last part is a step towards showing the equivalence of Condition 
(S3) in the two setups. In fact, it is enough in the case that we need: 



Corollary 16.2. // |r| = 1, then ^^(Ai, . . . , A„) 



hence Condition (S3) holds for A if and only if it holds for every Ai. 

Proof. If |r| = 1, X = G, Xi = Gi Vi, and ^(A) = ^^(A) VA (since F{X) = 
A); thus, all inclusions in the final part of the above result are equalities. □ 

We conclude this section by simultaneously doing two things. First, the 
last part of Theorem 116.21 suggests that some generalization of the formula 
in Corollary 116.21 is possible. Moreover, we wish to complete the following 
"commuting" cube (relating the "S'^-sets" in various setups), given 7 S F, 
A G G, and x G X such that A = Ax (also see Proposition 110. 2p : note that 
F preserves every (known) vertex. 



{^f(7(A.))} 



:i6.i) 



7(-) 



{5f(A0} 





To do this, we introduce the following notation. Define F^{x) := x 
and F^{x) := F{x); for all e = (ei,...,e„) G (Z/2Z)", define F^(x) := 
(F^^ixi), . . . ,F^"(x„)). For all e,e', we thus have: F=(F^'(x)) = F^+^'(x). 

Now note that the cube above is identical to the one in diagram (j4.2p 
above, with the Z's replaced by 5'^. However, the missing set of objects 
(which should be contained in XiSf{x-i)) cannot iust be 5'^(x), since it 
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could also have been S^{F^{'x.)) in its place. So the natural candidate now, 
would be the finite union □^^^(^^(x)). The question now is: when is this 
set closed under all the -F^? We present a sufficient condition. 

Theorem 16.3. If F{S[{xi)) = S[{F{xi)) ^i,Xi, then 

x,S]ix,)= [j S\F%^)). (16.2) 

£GP(Z/2Z)" 

Remark 16.1. 

(1) Here, P(Z/2Z)" denotes the quotient of (Z/2Z)" by the diagonal 
copy of Z/2Z sitting in it as {(0, . . . , 0), (1, . . . , 1)} (we abuse nota- 
tion). This is because by Corollary ll6.ll F(x) = F^^''"'^\x) € >S'^(x). 

(2) In general, it is not clear that F{S'{x)) = S'{F{x)). In the degener- 
ate case r = 1, this holds because F(X) = A for any RTA A and any 
A G G. (So F{S'{X)) = S'iX) = 53(A).) 

Proof. Note that S^{F'{x)) C XjS]{F^^{xj)) = XjS]{xj) Ve. Moreover, 
Theorem 116.21 implies that we can cover all of XjSj{xj) from any fixed x, 
using the duality functors F^ , and the relation of being a simple subquotient 
of a Verma module. 

Claim. F'{S^{x)) = S^{F%x)) Ve. 

Before we show the claim, let us use it to prove the theorem. Note, by the 
first paragraph in this proof, that the right-hand side of equation (jl6.2p is 
contained in the left side. Moreover, both sides are closed under the "Verma- 
to-simple relation", as well as all possible F^'s (by the claim). But both sides 
also partition X (since Xj = \]iSj{xj) for all j), whence all inclusions are 
now equalities, as desired. 

It remains to prove the claim. Moreover, it suffices to show, for any 
coordinate vector Cj, that F*^*(53(x)) C S^{F^^{-x)), for then we get that 

S^{F^^{x)) = F^^{F^'{S^{F^^{x)))) c F^'{S^{x)) c S'\F^^{x)) 

from above, whence all inclusions become equalities. The statement for 
general e follows by a series of compositions of various F^^^s. 

We now conclude the proof. Say x' G S'^{x.) satisfies F^'(x') G S^{F^^{x.)), 
and [Z(x') : ^(x")] > (the case when [Z(x") : F(x')] > is similar). By 
the proof of the previous theorem, [Zj{x'j) : Vj{xj)] > Vj. Hence by the 
given assumption, 

F^'(x") G F^^ (x,5j(x;.)) = Smx'^)) X {x,^^S'^{x'^)) C S^F^^i^')), 

where the last inclusion follows from Theorem 116. 2[ But then by choice of 
x', we have F^'(x') G {F''^ (x)) , so F^'(x") G 53(F^«(x)) too. 

The other relation is that of duality. But if x' G S^{x) satisfies F^^{x') G 
53(F^«(x)), then F^'(F(x')) = F(F^'(x')) G ^^(^'^•(x)), since this latter 
set is also closed under duality {F = F^^' - '^^). 
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Hence the closure under both these relations (of x, which does satisfy: 
F'^'(x) G 5'^(F^'(x))) also satisfies the same property. Thus, F^'(5'^(x)) C 
S'^(-F'^*(x)) for all i, which finishes the proof of the claim. □ 

17. FUNCTORIALITY OF THE BGG CATEGORY: COMBINING THE SETUPS 

Combining all of the above analysis, we see that we have four setups in 
which it makes sense to consider the BGG Category O, as given in (jl.ip . 
We now sketch a proof of Proposition 14.11 above: 

That the first diagram commutes, is proved in Theorem 116.11 for the 
second diagram, use Proposition 116.21 and Corollary 116.11 The commuting 
cube in the C's uses the first diagram in Proposition 14. H Proposition 18.21 
Theorem 116.11 and Corollary 116.11 Finally, the result on Verma modules 
uses Remark 17.11 and Corollary 114.11 (The cube mentioned immediately 
after Proposition 14.11 ^-Iso uses these results.) 

We now show the main theorems, after stating a part of Theorem 14.21 in 
full detail: 

Proposition 17.1. Given Aj G Gi for all i, the following are equivalent: 

(1) VAi(Aj) is finite- dimensional for all i. 

(2) Va(A) is finite- dimensional, where A = (Ai, . . . , A„). 

(3) VAiyiTi{xi) is finite- dimensional for all i and any Xi with Aj = Aa,. . 

(4) VAxir(x) is finite- dimensional for any x with A = Ax. 

and the following are equivalent: 

(1) Zji.{\i) has finite length for all i. 

(2) Za{X) has finite length, where A = (Ai, . . . , A„). 

(3) ZA-^iYiixi) has finite length for any i and Xi with Aj = Aj,. . 

(4) Z^»r(x) has finite length for any x with A = Ax- 

In all cases, V and Z stand for simple and Verma objects in the appropriate 
Category O, respectively. 

Proof. The first set of equivalences follows from Proposition ll6.2l (for the ver- 
tical arrows in diagram (|1.2p ) and Theorem 17.11 (for the horizontal arrows). 
The second set of equivalences follows from Theorems 17.11 and 116. 2[ □ 

Finally, we "collect together" a proof of the main results of this article. 

Proof of Theorem \4.1\ The first part is Theorem 116.11 the second comes 
from Propositions 110.21 and lll.3"l For the third part, for m = 3 and 4, use 
Corollary 116.21 and Lemma 111.41 respectively. Given the result for m = 3, 
apply vr = XjVTj to get it for m = 2; moreover, this implies the m = 1 
statement because of the partial order on G. □ 

Proof of Theorem \4-S\ 

(1) The equivalence of complete reducibility holding in the four setups, 
follows from Theorems I15.1l and ll5.21 The second and third parts are 
shown above. The fourth part (about O and Verma modules being of 
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finite length) follows from Proposition 19.21 Finally, the equivalences 
of the Conditions (S) across the four setups follow from Theorems 
[TaT] and O and Proposition [TOl 
(2) This follows from Theorem 1 1 . 1 1 and Proposition 111.31 



Proof of Theorem \4-3[ The first part follows from Theorem 110.11 and the 
final two parts from Theorem ll2.1l Corollary 1 12. 11 and Proposition [1221 D 

Appendix A. Application: symplectic oscillator algebras 

A.l. Definitions. Now fix ^ = Hf for a polynomial / (see |Khl] ) and 
n € N. (Note that Hf is an infinitesimal Hecke algebra over 5X2, as defined 
by Etingof, Can, and Ginzburg in [EGGj.) Define := {Hf)^'' x S„ = 
Sn I Hf. Then (we work here over k = C, and) the analysis above yields: 

Theorem A.l. Hf^n has a triangular decomposition. Moreover, if 1 + 
f ^ 0, then O is an abelian, finite length, self-dual category with block 
decomposition, as above. Each block is a highest weight category. 

This is because A = Hf is then a strict Hopf RTA that satisfies Condition 
(S3), from |Khlj . Moreover, from |KT] . CCa(A) is finite for all X £ G, since 
the center is "large enough" ) . We can also characterize all finite-dimensional 
simple modules in O, by }Khll Theorem 11], and the values of / for which 
complete reducibility holds in O (see |GK1 Theorem 10.1]). 

A. 2. Digression: Deforming a smash product. Suppose a Lie algebra 
acts on a vector space Vq. One defines a Lie algebra extension Vq x 3, via: 



Now suppose that V, V C Vq are finite-dimensional g-submodules, and 
we want to deform the relations [v,v'] (inside the algebra it(Vo x g)), with 
desired images in Hg. In particular, [X, [v,v']] should equal ad{X){[v,v']) G 
ilg. Thus we need a g-invariant element to of Homfc(y A V',Hq), i.e., u G 
Homg(y A F',ilg) = {{V A V')* Hg)0. In particular, V = V has 
dimension 2, then lo G {k CSfc ilg)^ = 3(iig), so [v,v'] must be central. 

Now apply this to Hf ^, where 5I2 acts onV = kX © kY inside each copy 
{Hf)i. Hence any deformed relations [lijA'j] must be of the form f{\). 
Moreover, the element X^j[^,A^j] must be central in the skew group ring 
itg X Sn (for g = st®"), for it is central in ilg as above, and it is invariant 
under any transposition, hence under 5„. 

A. 3. Certain other deformations do not preserve the triangular 
decomposition. We consider certain deformations of Hf^n and show that 
they do not preserve the triangular decomposition. More precisely, consider 
relations of the form 



□ 



[v,v'] := 



[X,v] := X{v) yv,v' G Vo, X,X' 




fi^i) + Ei^iicsii + d){m{l S)Au){A) if i = j 
usij + vsij{m{l (g) S)Aij){A) + Wij if i / j 



(A.l) 
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where 

c, d,u,v G k, and Wij G ilg for all i ^ j (where q = si®"), 
m is the multiplication map : -f^/,n Hf,n -f^/.n, 

Aij is the comultiplication in il(s[2), with image in H(sl2)j <8'fcil(5[2)j C -ff/,n5 
5 is the Hopf algebra antipode map on il(5l®"), taking X G 5I®" to —X, 
and A is the Casimir element in il(s[2)- 

(Note that together with this subalgebra ilg comes its Cartan subalgebra 
i) = where \)i = k ■ Hi d {Hf)i. Moreover, ff^'" is f)-semisimple.) 

We consider these relations because they are similar to those found in cer- 
tain wreath-product-type deformations (see [EM]). Here, we find symplectic 
reflections of the form Sijjij^^, which equals Sjj(m(l (g) S)Aij){'y) under the 
Hopf algebra structure (note that 7^ = fi{'y) here). However, we would still 
like our deformations to have the triangular decomposition. 

Theorem A. 2. The only deformations of the type in equation ()A.1|) . that 
also have the triangular decomposition, occur when c, d, u, v, Wij are all zero. 

Proof Check that (m(l S)Aij){A) = Ai + Aj + {afj + fiCj + {hihj)/2)). 
Now note that Xj and Yi are all weight vectors for ad f); hence so also must 
be their commutator. Suppose Xj £ {Hf^n)-nj and Yi G {Hf^n)-rj^ for all i,j. 
Then we should get [1^, Aj] G {Hf^n)rjj-rji for all i,j. 

Let us denote Cifj + fiCj + {hihj)/2, by rriij = rnji. We now check the 
relations for i = j, for we know that '^i\Yi, Xi] must be central in ilg xi Sn- 

^[Y„Xi] = f{Ai) + ^icsij + d){Ai + Aj + niij) 

i i ij^j 

The first term is obviously central. We now use that the commutator of 
with this sum is zero (for fixed k), to show c = d = 0. This commutator 
equals (up to scalar multiples) 

^{[(^k, cSikjiAi + Ak + ruik) + (csik + d)[ek,Ai + A^ + niik] 

The first term equals csik{ei — efc)(Aj + + ruik) and the second term is 
{csik + d)[ek,mik], so we get that [ek,Yyi[Yi^ ^iW equals 

= ^ csikici - ek){Ai + Ak + nriik) + {csik + d){eihk - hiCk) 

To satisfy the triangular decomposition, we must have c = (consider the 
coefficient of Sikficf, in csikCiAi = csikAiCi), and hence d = 0. 

Next, when i 7^ j, we need [1^, Aj] to be an adf)-weight vector of weight 
rjj — Tji. But Wij G il(5l®"), and il(s[®"')^j._r,j = if i 7^ j, since each weight 
space has weight in (Bi1^{2r]i). Similarly, the ad /ij-actions on [li,Aj] and 
the other terms do not agree: 

[hi,Sij{u + vmij)] = Sij{hj - hi){u + vruij) + vsij[hi,mij] 

and thus the LHS is not a weight vector, unless u = v = as well. □ 
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